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Abstract
In this thesis, fluctuations and bending mechanics of semi-flexible biopolymers such
as microtubules are studied. In the cytoskeleton of living cells, microtubules are
observed to bend on length scales and with deformation spectra that differ signifi-
cantly from in vitro investigations. Existing models fail to explain this discrepancy
sufficiently. This work addresses the question of whether driven processes such as
the activity of molecular motors influence the shape and dynamics of semi-flexible
filaments.
To this end, a stochastic model for a semi-flexible filament deformed perpendicu-
larly to its main axis by active particles is studied with methods of statistical physics.
The filament’s shape is optimised under the particles’ constraints with respect to
the bending energy. Monte Carlo simulations reveal deformations with persistence
lengths and bending spectra that agree with previous experimental results. The
model is further used to study the complex interplay of active particles and semi-
flexible bending properties. This interplay gives rise to a positively correlated, super-
diffusive filament motion on short length scales.
A simpler model, a chain of stiff segments driven by active particles, is used to
study these dynamics in more detail. Simulations reveal an ordering phenomenon,
which is also identified in analytical studies by local field approximations.

Kurzzusammenfassung
Diese Arbeit befasst sich mit Fluktuationen von semi-flexiblen Biopolymeren, insbe-
sondere Mikrotubuli, und deren Biegeeigenschaften. Im Zytoskelett lebender Zellen
wurden dynamische Mikrotubulideformationen beobachtet, deren Charakteristika
nicht denen von in vitro Untersuchungen entsprechen. Bisherige Modelle können
dies nicht hinreichend erklären. Daher ist die zentrale Frage dieser Arbeit: Können
getriebene Prozesse, wie die Aktivität von Motorproteinen, die Form und Dynamik
semi-flexibler Filamenten beeinflussen?
Ein möglicher Mechanismus hierfür wird mit Methoden der statistischen Physik
untersucht. Es wird ein Modell vorgestellt, in dem ein semi-flexibles Filament von
aktiven Teilchen senkrecht zu dessen Hauptachse deformiert wird. Die Filamentform
wird unter Berücksichtigung von Zwangsbedingungen bezüglich der Biegeenergie
optimiert. Mit Monte-Carlo-Simulationen kann gezeigt werden, dass das Modell ähn-
liche Persistenzlängen und Biegespektren wie die in vivo gemessenen Fluktuationen
erzeugt.
Des Weiteren wird die Verschiebung des Filamentschwerpunktes untersucht. Das
komplexe Zusammenspiel von aktiven Teilchen und dem Filament erzeugt positiv
korrelierte und superdiffusive Bewegung auf kurzen Zeitskalen.
Um diese Dynamik weiterführend zu studieren, wird ein vereinfachtes Modell
einer getriebenen Kette steifer Segmente eingeführt und mittels Simulationen
untersucht. Dabei wird ein Ordnungsphänomen identifiziert und mit analytischen
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Biopolymers are essential for most cells’ ability to live. Being literally the backbone of
every higher form of life, these polymers form the eukaryotic cell’s cytoskeleton [4].
This complex network of biopolymers fulfils various important tasks such as main-
taining shape and stability of the cell, driving cell locomotion and division as well as
enabling intracellular transport. The cytoskeleton is composed of different types of
filamentous biopolymers which form a highly entangled and resilient, though highly
dynamical network. Since cells need to adapt to environmental stresses, their cy-
toskeleton must be easy to restructure while at the same time resistant to external
forces. In addition to external forces, internal forces are generated by active processes
within the cell. These may, amongst others, arise from the activity of motor pro-
teins [1, 8–10]. Motor proteins are the key agents for intracellular transport but also
cross-link filaments and generate mutual forces [11]. Thus, motor proteins influence
the structure and cause the out-of-equilibrium nature of a living cell’s cytoskeleton.
From a physicist’s point of view, intracellular filaments are semi-flexible polymers.
In typical configurations, their bending energy is comparable to the energy of thermal
fluctuations [6]. Consequently, these filaments undergo slight dynamical bending
in the absence of all applied non-thermal forces. The persistence length is a good
indicator for the typical length scales on which deformations occur. For semi-flexible
filaments, these are in the order of magnitude of the filament length.
In this thesis, the bending of microtubules, the thickest and stiffest intracellular fil-
aments, is studied. From information on the filament’s shape, the persistence length
is predicted to be in the order of magnitude of a few millimetres for thermal fluctu-
ations. Consequently, compared to a typical cell size of some micrometres, thermal
bending is expected to result in smooth, long-scale bends. In vitro, that means in a
controlled setup of a petri dish, as well as in vivo, in the living cell, thermal fluctua-
tions are observed [6, 7, 12, 13]. The arising deformations are, as predicted, typically
small and evolve slowly in time.
In addition to thermal fluctuations, bending on much smaller length and time
scales has been observed in living cells [7, 14]. Regarding the corresponding bending
energies, such deformations cannot be of thermal origin but must be the result of
active processes, for example a reconstruction of the cytoskeleton. This causes forces
which are transmitted to the filaments via steric interactions or passive cross-linkers.
Forces might also arise from motor activity on the filaments themselves [13].
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Chapter 1. Introduction
Given that the forces necessary to induce such short-scale deformations are
comparable to the forces motor proteins can generate [7], numerous investigations
have been performed on the interactions of motor proteins and filament networks.
The persistence length of non-thermal microtubule bending is measured to be in the
order of a few micrometres. Additionally, the bending spectrum of these fluctuations
reveals that bending happens on all length scales. More interestingly, the spectrum
shows surprising equilibrium characteristics while at the same time identifies the
persistence length to be about one hundred times too small for thermal equilibrium
fluctuations [7, 13]. These findings rise the question:
Can active processes, such as the activity of motor proteins, give rise to such equilibrium
fluctuations and a low persistence length?
Since different experimental and theoretical investigations addressing microtubule
buckling due to compressive forces could not explain the arising equilibrium fluctu-
ations satisfactorily [1,13,15], a new model is presented in this thesis. Contrary to the
former ones, this full semi-flexible model considers deformational loads perpendicular
to the microtubule’s main axis and explicitly takes into account the semi-flexibility of
the microtubule.
The model consists of a background network, a microtubule, and proteins. The
model microtubule is embedded in a matrix mimicking the cytoskeleton and gets
deformed by molecular motors that dynamically deform it against the background
matrix. Since microtubules are known to be inextensible, only deformational motor
forces perpendicular to the filament’s main axis are modelled while conserving the
filament’s contour length.
Taking into account the semi-flexible nature of the filament explicitly, in this model,
the optimal shape of the microtubule under the deformational constraints of the
molecular motors is evaluated analytically. The semi-flexibility causes long range
force propagation along the deformed microtubule influencing the load-dependent
motor dynamics. This model picks up the complex interplay between the micro-
tubule and motor proteins, which has not been considered in any model known to
the author at present time. The model parameters are chosen to agree with typical ex-
perimentally deduced characteristics of a living cell. Furthermore, the model motors
can be chosen to work thermally or with the experimentally motivated dynamics of
microtubule based motor proteins.
Using that model, stochastic computer simulations are performed in order to study
the generation and evolution of microtubule deformations. Configuration snapshots
allow one to estimate the persistence length and deduce the bending spectrum. These
simulations show that the motor activity drastically reduces the microtubule persis-
tence length in comparison to thermally driven fluctuations. For realistic system pa-
rameters, the persistence length agrees very well with measurements in living cells.
The bending spectrum shows the expected equilibrium characteristics for thermal
fluctuations and changes significantly when driven motor dynamics are considered.
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The full semi-flexible model is carefully tested to gain confidence in its predictions.
Since the bending spectra of the driven model do not show equilibrium-like char-
acteristics as observed in experiments, several factors that can mislead experimental
measurements will be discussed. Furthermore a narrow regime of parameters is iden-
tified where the bending spectrum of driven fluctuations agrees, within limits, with
measured in vivo bending spectra of intracellular filaments.
Aside from the microtubule deformations, the motor activity also influences the
filament position. As a sum of several motors pulling vertically, the filament’s centre
of mass is displaced. Since the motor forces are propagated along the microtubule,
and the motor dynamics depend on these forces, correlations in the vertical filament
motion cannot be ruled out. An interesting question is:
Does the interplay of load-dependent motor dynamics and a force propagating semi-flexible
filament result in correlated filament motion?
To address this question, the influence of a single molecular motor on the global
displacement will be investigated first to study the influence of the whole motor
collective on the filament motion afterwards. That global motion will be classified as
a function of the motion’s increment distribution and possible correlations. It will be
shown that the motor activity can induce significant super-diffusive filament drift on
short time scales whereas the long-time behaviour is identified as a random walk. In
fact, it is surprising that uncorrelated motor motion is able to induce super-diffusive
and persistent motion. This motivates exploring the possibilities of modifying the
full semi-flexible model in such a way the super-diffusive regime is extended to long
time scales and gives rise to the following question:
Can an even simpler model for an actively driven chain generate persistent drift even on long
time scales?
A strongly simplified slope model is introduced with the aim to make its dynamics
approachable to analytic local field calculations. Based on a chain of stiff slopes with
active particles permanently attached to its edges, the key characteristics of the full
semi-flexible model are taken into account in a simplified way. A short study of the
slope model with stochastic simulations will show that a nearly ballistic global chain
motion can be achieved for favourable system parameters. Furthermore, an inter-
esting ordering phenomenon is observed in the system. The following analysis of
the steady state solutions in local field approximation is able to point out the crucial
parameters for the ordering. This approximation is proven to predict exactly the pa-
rameter set for which the ordering phenomena occurs in the simulations of the slope
model.
The aim of the slope model is to explore possibilities to induce super-diffusive
behaviour on a driven chain or filament rather than explicitly predict the behaviour
of the full semi-flexible model. The slope model is motivated by the full model but
9
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is interesting in its own right. The slope model produces states of high order in
the motor population and, even if restricted to a limited set of parameters, initial
diffusive motion goes over to a highly persistent chain motion on long time scales.
The complex dynamics of the slope model are unique despite being a hybrid of two
well-known models in statistical physics, namely the one-dimensional Ising model
and a simple exclusion process, each of which do not individually develop such
complex behaviour.
The thesis is structured as follows: Since this work is in the intersection of polymer
physics and biophysics, the first chapters provide the relevant background of both
fields. Aspects of the introductory Chapter 2 and Chapter 3 are merged in order to
formulate the key problems of understanding fluctuations of biopolymers. The state
of the art of experimental and theoretical studies is presented in Chapter 4, followed
by a short introduction to stochastic simulation methods, that will be used for the
following investigations. The full semi-flexible model for the fluctuations of biopolymers is
introduced in Chapter 5. In Chapter 6, the model is subject to the study of deforma-
tional properties, such as the persistence length and bending spectrum. Furthermore,
the motion of the actively driven filament is characterised in Chapter 7. Addressing
long time scale correlations in that motion, the simplified slope model is presented and
studied in detail in Chapter 8. Summing up relevant findings of the two models and





Materials composed of polymers are extremely versatile regarding mechanical prop-
erties and are present in everyday life. Their occurrence ranges from biopolymers,
without which higher forms of life cannot exist, to sophisticated synthetic polymers
for industrial use. In terms of their chemical structure, polymers are macromolecules
that are assembled from repeated molecular subunits connected via covalent bonds.
The molecular structure of these monomers determines the mechanical properties of
the polymer [16, 17]. The focus of this thesis lies on naturally occurring biopolymers
such as intracellular filaments. These will be introduced in Chapter 3. Other exam-
ples of biopolymers are all sorts of proteins, DNA and RNA [4, 18].
The first part of this chapter introduces the reader to some important polymer mod-
els that are typically considered for a simple approach to theoretical polymer studies.
Starting with the basic model of the freely jointed chain, the more physical model of the
self-avoiding chain is motivated. It takes into account steric interaction of monomers.
These two models follow a discrete approach considering single monomers. A less
coarse grained model is the worm-like chain model. Worm-like chains typically have
a continuous contour and undergo smooth shape fluctuations. This characteristic
explicitly touches on the term of semi-flexibility, an interesting mechanical feature of
many biopolymers.
Semi-flexibility is introduced in the second part of this chapter, where examples
of polymers with different apparent stiffnesses are given in a short overview. The
properties of polymers will also be characterised in terms of their typical deformation
under thermal fluctuations, which gives rise to the definition of the persistence length.
Methods of persistence length estimation are derived and discussed. These will be
used in the framework of this thesis to analyse the deformations of the modelled
biopolymers.
In the last part of the chapter, Euler-buckling is addressed. It is a well-studied sce-
nario that describes how an ideal beam deforms when compressed longitudinally
by an external load. Its bending behaviour can be predicted with the Euler-Bernoulli
beam theory and serves, amongst others, to estimate the mechanical properties of a
worm-like polymer, such as its bending rigidity. Euler-buckling can be observed for
biopolymers in living cells. This will be discussed in Chapter 4.
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Figure 2.1: Illustration of a freely jointed chain polymer made up of identical segments r of
equal length l. Each pair of adjacent segments (ri, rj) is jointed by a respective
bond angle θi,j . The segments form a chain with end-to-end distance R.
2.2 Polymer models
Although polymers exist with a variety of mechanical characteristics, many polymers
can be abstracted to basic polymer models as a first approach to characterising and
modelling their behaviour. From a coarse-grained point of view, some polymers can
be described in a discrete way as chains of repeated, identical subunits jointed with
respective bond angles. Other polymers demand a more continuous approach and
can be modelled as a filamentous structure with a rather smooth curvature. In any
case, polymers are typically not straight but bent or drastically folded. Thus, their
contour length differs from the spacial dimension of the typical configuration and a
characteristic end-to-end length can be defined.
2.2.1 The freely jointed chain model
The freely jointed chain model, or ideal chain model, is the most basic approach to the
polymer structure. This model is based a the simplification to freely jointed segments
of equal length l , which are much smaller than the length of the unfolded polymer,
see figure 2.1. The position and orientation in space of a segment i are denoted as the
vector ri, where |ri| = l, and single segments are joined without correlation
〈cos θi,j〉 = 0. (2.1)
Here θi,j denotes the bond angle between two jointed segments i and j and 〈.〉 the
statistical average. Of interest is the end-to-end length R of the chain and its distribu-
tion. Supposing that the chain is composed of N monomers, the end-to-end distance





Since the segments are independent, for a sufficiently long chain the central limit
















with zero mean and a mean-square end-to-end length 〈R2〉 = Nl2 [16–18]. Note
that the distribution solely depends on the mean-square end-to-end length while all
intrinsic monomer structure is neglected.
If a polymer is constructed from identical monomers, the assumption of segments
with constant length is reasonable. Though, the molecular structure of the monomers
is likely to favour certain bond angles, so extensions of the ideal chain model take this
into account. There is, amongst others, the freely rotating chain, which limits bond
angles to ±pi. A further aspect to consider when modelling polymers is the steric
interaction of the segments amongst each other, which is generally not taken into
account in these ideal models. Discarding such excluded volume interactions, the
ideal chain model underestimates the end-to-end distance. A correction to that issue
is provided by the self-avoiding chain model.
2.2.2 The self-avoiding chain model
This model is build on the freely jointed chain model by adding the constraint of spa-
cial exclusion of the monomers [19]. As segments cannot overlap, the area occupied
by the chain is larger than for the freely jointed chain. Typically, self-avoiding chains
are studied on lattices, but continuous space adaptions are more relevant for polymer
models [20].
The lower the dimension of the chain, the stronger the excluded volume condition’s
influence. In one dimension, there is clearly only one realisation of the self avoiding
chain; N monomers stringed with zero bond angle. The end-to-end length is then
obviously equal to the chain length, which is not the case in higher dimensions. The
self-avoiding chain is fractal, meaning that it is self-similar on different length scales,
independent of the geometry of the underlying lattice. This universality shows in the
mean square end-to-end length 〈R2〉, which scales with the number of monomers N
according to
〈R2〉 = a N2ν , (2.4)
where the exponent ν only depends on the dimension d via
ν ≈ 3
2 + d
, for 1 ≤ d ≤ 4. (2.5)
It links to the fractal dimension of the chain [19, 21]. The exponent ν is not constant,
but decreases with the system’s dimension, as the excluded volume has less and less
impact. Thereby, the lattice characteristics exclusively enter in the factor a in equa-
tion (2.4). In any dimension, a polymer modelled as a self-avoiding chain has a higher
stiffness than predicted by the freely jointed chain model and is a good abstraction of
the behaviour of very flexible polymers [16]. Though, more physical than the previ-
ous freely jointed chain, this self-avoiding chain model does not capture the smooth
13
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Figure 2.2: Illustration of a worm-like chain polymer. The contour line u(s) of the polymer
with length L is parametrised as a function of the arc length s. As the polymer
takes a continuous shape the local radius of curvature r(s) is used to define the
Hamiltonian of the worm-like chain as in equation (2.13).
bending characteristics of some polymers. Such characteristics can be accounted for
by an extrapolation of the jointed models towards a less coarse-grained rod-like or
worm-like chain model presented in the following. There, intersections of the chain
segments and resulting loops are not excluded a priori, but can be avoided to some
extend in the limit of very small bond angles.
2.2.3 The worm-like chain model
In contrast to the jointed chain models, the worm-like chain model takes a continuum
approach. On a mesoscopic scale, worm-like polymers are assumed to behave like
homogenous rods which have a high structural rigidity and take smooth curvatures.
Such polymers are also called rod-like or filamentous, because their diameter is typ-
ically much smaller than their contour length. A model for worm-like chains was
developed by Kratky and Porod and describes the polymer as an analytic function
of its contour length [22]. The contour line u(s) of the polymer is parametrised in
function of the contour length s, see figure 2.2 for illustration, and the polymer is
supposed to be locally inextensible so that∣∣∣∣∂u(s)∂s
∣∣∣∣ ≈ const. (2.6)
The bending energy of a rod-like polymer is assumed to be proportional to its local
curvature raised to the second power and integrated over the whole contour lengthL.














where r(s) is the local radius of curvature illustrated in figure 2.2. Any point on the












which is used to deduce the radius of curvature. For a general parametrised curve,










































The assumption of local inextensibility of the polymer formulated in equation (2.6)























Within this formulation, the flexural or bending rigidity k indicates the polymer’s
resistance to transversal deformation. One way of measuring it is a controlled Euler-
Bernoulli beam experiment in which the polymer is successively compressed longitu-
dinally. This will be detailed later in section 2.4. Under the assumption of a homoge-
nous and isotropic polymer, the bending rigidity factorises to the area momentum of
inertia I of the polymer’s cross section and its elastic or Young’s modulus EY along the
long axis of the filament. It reads
k = EYI. (2.14)
Whereas I is a purely geometrical parameter, the Young’s modulus is determined
by the molecular structure of the polymer. In the model of the worm-like chain,
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the bending rigidity is the only parameter that takes into account this microscopic
structure. Resulting from the smooth bending nature, polymers that are described
as worm-like chains maintain their orientation for a typical distance along the con-
tour length. The correlation length and the arising term of the persistence length are
introduced in the section 2.3.
Before entering into a detailed discussion of the persistence length, another model
for polymers should be mentioned for completeness - the reptation model. Introduced
by de Gennes in 1971, it addresses the motion of long and slender macro-polymers
in a dense polymer solution [23]. Different polymers are woven and their spacial
constraints hinder the displacement of single ones. Under thermal fluctuations, the
reptation model predicts a low shear viscosity that is proportional to the molecular
mass to the third power [23]. As macromolecules are typically heavy, the motion of
such polymers is slow. As such, reptation is not of special interest for this thesis. The
considered active processes inside living cells take place on much smaller time scales.
2.3 Semi-flexibility and persistence length of polymers
A key mechanical property of rod-like polymers is their persistence length. It provides
the typical length scale on which a polymer deforms under thermal fluctuations. The
definition of the persistence length in the context of thermal fluctuations is common
as it characterises the polymer’s fluctuations in a solvent in absence of all external
forces. Due to their molecular structure, worm-like polymers are often described
as semi-flexible because they bend on length scales similar to their contour length.
The following list gives a classification of polymers with length L and different
persistence lengths Lp and the resulting flexible, semi-flexible and stiff characteristics.
Flexible - Lp  L When the polymer has a persistence length much
smaller than its contour length, the orientation
is not maintained along the contour line on long
scales. Consequently, the polymer shows strong
bending under thermal fluctuations, which typi-
cally results in configurational folding. The end-
to-end length is then much smaller than the con-
tour length. Such flexible polymers can also be de-
scribed as self-avoiding jointed chains.
Semi-flexible - Lp ≈ L When the persistence length is in the same order
of magnitude as the polymer’s contour length, cor-
relations in orientation are generally maintained.
The polymer shows slight thermal bending but
does not fold, so that the end-to-end length is ap-
proximatively equal to the polymer length.
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Stiff - Lp  L If the persistence length is beyond the polymer
length, the orientation of the polymer is almost per-
fectly conserved. The polymer is typically straight,
and the end-to-end distance collapses to the con-
tour length.
Being related to the structural characteristics of a polymer, the persistence length is
often measured under thermal fluctuations. There, in the absence of applied forces,
the polymer fluctuates freely, and a good estimation of the apparent polymer rigidity
can be achieved in general. With regard to the analysis of entangled biopolymers,
which is presented later in this thesis, the persistence length allows to estimate the
influence of external forces on the polymer’s mechanical properties. In section 4.2
and Chapter 6 the persistence length of thermal fluctuations and the persistence length of
driven fluctuations are carefully distinguished and studied separately.
In the following, rigorous definitions of the persistence length are given; some ap-
ply to polymer fluctuations of any origin, others are restricted to equilibrium fluctua-
tions only. For the presented methods, the polymer shape needs to be extracted from
microscopic images. Regarding the biopolymers considered in this thesis, confocal
microscopy has a sufficiently high resolution to identify the shape and track patterns
in the polymer orientation from which the persistence length is calculated.
2.3.1 Persistence length measurement using the orientation correlation
The most frequently used definition of the persistence length relates to the decay of
the orientation correlation along the polymer’s contour line. Using the parametrisa-
tion of the contour line u(s) introduced in section 2.2.3, the local polymer orientation




= tan θs. (2.15)
It can also be expressed as the local tangent angle θs with respect to the horizon-
tal axis, see figure 2.2 for illustration. For the persistence length measurement, the
differences in the tangent angle θs,s+ds = θs+ds − θs are evaluated with a varying off-








where 〈.〉s denotes the average over all positions along the contour line of the poly-
mer [18, 22, 24–26]. In order to link the persistence length to the polymer’s bending
energy given by the Hamiltonian of the worm-like chain in equation (2.13), it is con-
venient to define a function
f(s) = 〈cos(θs)〉 (2.17)
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as the ensemble average of the tangent angle’s cosine, following [25]1. A discreti-




∆s ∼= f(s+ ∆s)− f(s) = 〈cos(θs+∆s)〉 − 〈cos(θs)〉 (2.18)
= 〈cos(θs+∆s − θs + θs)〉 − 〈cos(θs)〉 (2.19)
= 〈cos(θs + ∆θs)〉 − 〈cos(θs)〉, (2.20)
where ∆θs = θs+∆s − θs. The first term in (2.20) can be factorised by use of trigono-
metrical relations. It follows that
df(s)
ds
∆s ∼= 〈cos(θs)〉 [〈cos(∆θs)〉 − 1] . (2.21)
This holds if fluctuations of the polymer are statistically independent in all differ-
ing positions along the contour line, as it is the case for equilibrium fluctuations of






















The energy of the worm-like chain from equation (2.13) can be formulated in terms
of the orientation tangent angle θs instead of the parametrisation of the contour















Consequently, one can identify the average energy difference 〈∆H〉 in equation
(2.24). So far, the derivation is identical for spatially independent fluctuations of
thermal and non-thermal origin. Independent non-thermal fluctuations may, for
example, arise from random, highly localised external forces.
In the following, thermal equilibrium fluctuations are considered. The equiparti-
tion theorem indicates an average energy of kBT in three dimensions [24] and the








1The derivation in equations (2.17)-(2.26) is adapted from J. Howard: Mechanics of motor proteins and
the cytoskeleton [25]
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This differential equation is solved by












When fluctuations are limited to lower dimensions, for example by experimental
confinement, this needs to be taken into account. In two dimensions, the persistence
length accordingly is kBT2k , as the orientation correlation decays twice as fast [24, 25].
The mean-square end-to-end distance of a worm-like chain polymer introduced in














Thus, in the limit of a stiff polymer, the mean-square distance corresponds to the
length of the polymer L raised to the second power. In the other extreme, for very
small persistence lengths it is 〈R2〉 ≈ 2LLp ≈ 0. This agrees nicely with the theory of
a freely jointed chain, see section 2.2.1.
In the case of equilibrium fluctuations, the tangent angle distribution is Gaussian
and the persistence length can also be expressed as a function of the Gaussian’s stan-
dard deviation. This approach is generally not very helpful, as the tangent angles are
not always normally distributed; especially not for out-of-equilibrium fluctuations.
However, the tangent angle distribution can be used to compute thermal polymer
configurations with known persistence length. These can be employed to test the
persistence length analysis routines, as it is done later in section 6.2.2.
2.3.2 Persistence length measurement using the bending spectrum
Another method to evaluate the persistence length is based on the analysis of the
filament’s bending spectrum, as proposed by Gittes et al. [6]. In addition to the deter-
mination of the persistence length, this method allows one to test the filament fluctu-
ations for equilibrium-like bending characteristics. The polymer’s shape is assumed
to be known at discrete points with constant distance ds along the contour line. Thus,




dsi = j ds, (2.30)
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and a polymer with length L has N sampling points with ds = L/N chosen suffi-
ciently small. The local tangent angle at the sampling point is
θ(sk) = ∂su(s)|s=sk . (2.31)










a(qn) cos(qn sk) (2.32)







θ(sk) cos(qn sk) ds for n = 0, . . . , N. (2.33)
In this transformation, the zero-order mode a0 = a(0) indicates the average orienta-
tion of the polymer and can be neglected without loss of generality, if the polymer
is favourably rotated. Gittes et al. state that the equilibrium bending energy H of a
filament with rigidity k can be expressed in cosine modes [6]. The Hamiltonian for
such bending of the worm-like chain, see equation (2.13), transforms to the follow-
ing expression. For that purpose, the formulation in terms of the tangent angles is











































This is true if the modes of the fluctuations are independent - that is the case for ther-
mal fluctuations. Furthermore, in this derivation a completely straight polymer is
implied in absence of all forces. If this is not the case, the zero-force bending ampli-






(a(q)− a¯(q))2 q2. (2.38)










the bending amplitudes’ variance Var(aq) can be linked to the polymer’s persistence
length Lp. Definition (2.28) is used here





As a consequence, the relation (2.40) can only be employed if the bending spectrum
follows an equilibrium-like q−2 law over a sufficiently large interval of wave num-
bers q. Otherwise, the tangent angle correlation method from section 2.3.1 needs to
be applied.
Up to this point, polymer bending has been discussed in the absence of external
forces. A typical experimental set-up for the induced bending of worm-like chains is
the Euler-buckling scenario. The bending behaviour then allows to draw conclusions
on the mechanical properties of the polymer as well as the surrounding environment.
2.4 Euler-buckling
Euler-buckling describes the deformation of a long and slender beam under compres-
sive load parallel to its long axis. Except for that load, there are no other restrictions
on the polymer’s shape. In experiments, this can be achieved by confining a
rod-like polymer; such a setup can be used to determine for example the polymer’s
flexural rigidity. For Euler-buckling, the polymer is approximated as an ideal beam.
As long as the load is sufficiently small, this beam always remains straight, see
figure 2.3 A. This changes under higher loads. With the Euler-Bernoulli beam theory,
the critical force for which the system becomes bistable can be calculated [27]. Then,
a spontaneous transition from the straight configuration to a bend shape happens,
see figure 2.3 B. The ideal beam develops transversal displacements in a single plane,
and as such, the system can be simplified to two dimensions. In the following,
the condition for buckling of an ideal beam is derived using a linearisation of the
problem that holds for small deformations.
The bending moment M is, for small deformations, linear to the inverse radius of








Here, θ(s) is the local tangent angle parameterised by the contour length s. Further-
more, the bending moment can be expressed as the product of the applied compres-
sional load force F and the local deflection z(s)
M(s) = F z(s). (2.42)
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A B
Figure 2.3: Euler-buckling of a rigid beam under compressive load forces F . The force is ap-
plied to both ends of an initially straight beam. The beam’s shape is parametrised
as a function of the contour length s. (A) Under subcritical load F < Fc, the beam
remains straight. (B) If the load is increased to and beyond the critical load F ≥ Fc
the beam undergoes spontaneous buckling transversal to the direction of applied
force. The deformation is be described as a function of the tangent angle θ(s) or
the local displacement z(s).
Except for the applied force, there are no other constraints on the beam’s ends and
they are considered to be free. Other boundary conditions change the critical load. In
figure 2.3 B a deformed polymer of lengthL is sketched. The bend system is supposed
to be symmetric, and the boundary conditions are
z(s = 0) = z(s = L) = 0, (2.43)
θ(s = 0) = −θ(s = L). (2.44)
Combining the equations (2.41) and (2.42) and using z′(s) = sin θ(s), the following







Using the definition of ω =
√
F/k, the equation reads in linearised form, that means




− q2 θ(s). (2.46)
With respect to the boundary conditions in equations (2.43) and (2.44), a solution is














sin (qns) , (2.48)
and the zeroth deformation mode is the trivial solution z(s) = 0 for all positions s -
that is the undeformed beam. From the first mode, the condition of Euler-buckling







It determines the critical load force for an ideal beam. If the deformations cannot
be assumed to be small, a non-linear approach needs to be taken. When employing
Euler-buckling in order to estimate the mechanical properties of polymers, the influ-
ence of the environment needs to be taken into account. This may be, for example,
the viscosity of the liquid in which the polymer is immersed [14].
2.5 Chapter conclusion
Beside the presented models, there are several other polymer models, see [16, 28–32],
all addressing different aspects of polymer characteristics. In some models, the me-
chanical properties are addressed bottom-up, i.e. from the molecular level. Then,
however, one must judge if the arising degree of complexity is justified by the aim of
the considered study. If the subject of the investigations is such that a rather coarse
grained and phenomenological approach is sufficient, the information gain of a study
on molecular-level is not worth the effort.
For the purpose of this thesis, the worm-like chain model presented in the sec-
tion 2.2.3 is a good basis for modelling the biopolymers of interest. These polymers
are reviewed in detail in the following chapter. The Hamiltonian of the worm-like
chain will be used explicitly in Chapter 5 and in appendix A to explicitly calculate
the shape of a polymer and the forces arising from the polymer’s resistance to de-
formations. Based thereon, a stochastic simulation of a filamentous polymer is per-
formed. In that process, the basic parameters like the typical polymer length and
bending rigidity will be adapted according to experimentally measured values for
the considered biopolymers.
The persistence length estimation routines introduced in section 2.3.1 and 2.3.2
have been used frequently to evaluate the apparent stiffnesses of biopolymers un-
der equilibrium fluctuations, as, amongst many others, in [6, 7, 13, 33]. The method
of bending spectrum analysis has additional advantage, as it does not only estimate
the persistence length, but simultaneously tests the fluctuations for equilibrium-like
origin. However, this methods applies to equilibrium-like fluctuations only. If this is
not the case, the persistence length needs to be extracted by the correlation decay of






This chapter provides a basic biological background to the aspects of fluctuation of
biopolymers addressed in the thesis. Relevant components of a cell’s cytoskeleton are
introduced briefly: Microtubules, actin and intermediate filaments. Their characteristics
and mechanical properties, in particular their bending behaviour, are specified. At
this point, aspects of polymer physics introduced previously are linked to cell biology.
Furthermore, basic knowledge on active and passive filament cross-linkers is
provided. These agents are, amongst others, the generators of intracellular forces in
living cells. At the same time, they can enhance resistance of the cytoskeleton against
external forces that occur in the natural environment of cells.
The biological cell, as the smallest functional subunit of known life forms, was
mentioned first by the english scientist Robert Hooke in 1665 [34]. Since then, a broad
knowledge has developed, and today one generally distinguishes between prokary-
otic and eukaryotic cells. Procaryotes, such as bacteria, are organisms with a simple
cell structure. They process a very primitive cytoskeleton compared to eukaryotes.
Eukaryotes have a cell nucleus, organelles and a complex cytoskeletal network of
intracellular filaments. Their cytoskeleton is the crucial morphologic agent that pro-
vides structural reinforcement, enables cell motility, division, as well as intracellular
transport [4]. The following section introduces the cytoskeletal components that are
relevant for this thesis.
3.2 The cytoskeleton
The cytoskeleton of the eukaryotic cell is a dynamic network constructed from dif-
ferent filaments. These span throughout the whole cell and essentially define its
mechanical properties. The network generates the stability of the cell’s shape in-
trinsically and with respect to external stresses, but it also enables cell reconstruction
during growth, locomotion and cell division. Such counter-acting demands on the
cytoskeleton are fulfilled by complex cross-linked biopolymers with different me-
chanical properties: Microtubules, actin filaments and intermediate filaments [4].
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Figure 3.1: Illustrations of a microtubule and an actin filament. (A) The microtubule is as-
sembled from several polar protofilaments which are composed of tubulin het-
erodimers. (B) The actin filament is a double stranded polymer assembled from
two twisted polar chains. Both filament types have a distinguished orientation
which is indicated by their plus and minus ends. This polarity determines the
direction of motion of molecular motors. Adapted from [4]. With permission of
c©Garland Science, Molecular biology of the cell: 915-916, 2002.
3.2.1 Intracellular filaments
The largest and stiffest component of the cytoskeleton are microtubules, hollow cylin-
ders with a diameter of about 25nm assembled from several protofilaments [2, 35],
see figure 3.1 A. Due to the construction of the protofilaments, the microtubule is po-
lar and one can define a plus and a minus end. The minus end is typically attached to
the cell’s centrosome. The centrosome is also known to be the microtubule organising
centre because the microtubules typically assemble out of it and remain attached with
their minus end. The plus end of the filament grows out radially from the centrosome
into the cell’s periphery [4]. The filament expands at the plus end by adding tubulin
subunits to each of its protofilaments, which zip and merge into a hollow cylindrical
shape, see figure 3.2. The plus end can also undergo shrinking when the cylinder
disintegrates and the protofilaments loose tubulin subunits. This is called catastrophe.
The reverse transition from shrinking to growing state is called rescue. Several pro-
teins, for example tau proteins, bind to the microtubule and influence the growth and
shrinkage process by stabilising the plus end [36].
A thinner cytoskeletal component is the actin filament. It forms a polar network
that extends through the whole cell and is especially dense in the cell cortex. There
it gives, amongst others, mechanical support for the cell membrane. However, actin
based structures, such as lamellipodia, filopodia and microvilli, which all are pro-
trusions of the cell membrane, can be highly dynamic. Actin filaments differ from
microtubules in their morphology. They are a thinner; F-actin has a diameter of
about 7nm. The filament is composed of two twisted chains that combine to a polar
double stranded helix [37], see figure 3.1 B. Furthermore, in contrast to microtubules,
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Microtubules Actin filaments Intermediate filaments
Diameter 25nm 6 - 8nm 10nm
Young’s modulus 1.9GPa 1.3 - 2.5GPa 1 - 5GPa
Bending rigidity 10−23 - 10−24Nm2 10−26Nm2 10−27Nm2
Persistence length 1-1000µm 15µm 1 - 3µm
Table 3.1: Mechanical characteristics of intracellular filaments [2–7].
actin filaments are able to branch. Branching can augment the mesh density and the
degree of entanglement, which stabilises the actin network.
The last major components of the cytoskeleton are the intermediate filaments. They
do not occur in all eukaryotic cells but are found especially in cells that have to
bear large mechanical stresses. This may be due to their property not to break
under large tensions but to flow visco-plastically and to stretch far beyond their
initial length [38]. The intermediate filaments have a diameter of about 10nm
and are typically entangled to other intercellular filaments. Additionally, they
can be interconnected to molecular motors such as the actin-based myosin and
membrane-associated adhesion sites via the cross-linking protein plectin. Altogether,
intermediate filaments provide resilience to external forces [39, 40].
When filaments assemble in the cell, they have to find their way through the sur-
rounding cytoskeleton, which can be crowded in all areas. They get entangled to the
surrounding matrix due to growth through gaps in the cytoskeletal mesh, steric in-
teractions as well as active and passive cross-linkers. Such encounters induce active
filament bending and buckling, which reduces their persistence length in comparison
to bending in the absence of non-thermal forces1.
Microtubule bending mechanisms and characteristics are the main focus of this
thesis. In order to gain understanding of the behaviour of microtubules under con-
straints given by the surrounding matrix, their mechanical properties are detailed in
the following.
3.2.2 Semi-flexibility and persistence length of intracellular filaments
Polymers, such as the intracellular filaments, are long, thin macromolecules. They
can be abstracted as chains of repeated subunits, which show different deformation
properties that arise directly from their molecular constitution. As this work focuses
on microtubule bending, their structure is explained in more detail.
As mentioned above, microtubules are composed of protofilaments. These are con-
structed of tubulin heterodimers of about 8nm length and formed of an α- and a
β-tubulin protein complex [4], see figure 3.2. Along one protofilament the stringed
1See Chapter 2 for an introduction to polymer bending and the definition of the persistence length.
Driven bending of biopolymers is discussed in Chapter 4; an overview of experimental observations
can be found there.
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Figure 3.2: Microtubule structure. (A) The tubulin heterodimer is composed of an α- and a β-
subunit. (B) The protofilament. (C) Protofilaments wrapping into a hollow cylin-
der with a slight mismatch and the seam, indicated in yellow. Strong molecular
bonds between different subunits are represented in orange, weak bonds between
same subunits in pink. Adapted from Akhmanova et al. [41]. With permission




Figure 3.3: Configurational change in the structure of a microtubule under load. (A) To a
straight microtubule (B) a load P is applied perpendicularly to the long axis. It
shifts the dimers along the contour line of a protofilament. The upper dimers
are pulled apart while the lower ones are compressed. (C) At the same time the
microtubule cross-section is deformed from a circular to an elliptical shape. These
structural and geometric changes are necessary for a deflection and cause the high
bending rigidity of microtubules. Adapted from Pampaloni et al. [33]. c©National




tubulin heterodimers create an alternating pattern of subunits, in such a way that the
protein-protein contacts between the dimers are typically of the type α-β. Bonds be-
tween these different parts of the dimer along the protofilament are strong because
they resemble the internal contact within a dimer [4, 33, 42]. In figure 3.2, strong α-β-
bonds between subunits are indicated in orange.
When combining to form the microtubule cylinder, the protofilaments zip with a
slight mismatch which sums up to an offset in the order of magnitude of one tubulin
subunit for 13 protofilaments. The seam resulting from the zipping is indicated as a
yellow line in the sketch 3.2. In this arrangement, the protofilaments lie in parallel
and mainly create transversal connections between tubulin monomers of the same
type, i.e. α-α or β-β, whose chemical bonds are less rigid [4, 42]. Such bonds are
indicated in pink in figure 3.2. The lattice defect resulting from the mismatch creates
the illusion of a helical monomer arrangement around the microtubule surface. This
is indicated in figure 3.2, where β-monomers are consecutively numbered.
The anisotropic dimer arrangement is the reason why the microtubules are hardly
able to stretch, indicated by a Young’s modulus of approximately 1.9GPa. The fil-
aments can be slightly bent by longitudinally displacing the tubulin dimers along
the filament’s contour line at the point of the deflection, see figure 3.3 B. A conse-
quence is that molecular bonds between tubulin monomers of same type are pulled
apart, which results in a significant cost of energy. When bending, the strands of
protofilaments slide along each other due to the arising shear forces. Along the seam,
the transversal dimer bonds are of α-β-type and consequently stronger than those
between protofilaments that are far from the seam. Consequently, the shear deforma-
tion is not homogenous due to that lattice defect.
From an engineering point of view the bending of a hollow cylinder is described
by the Brazier effect [44]. When bent, the cross section of the cylinder is first deformed
from circular to elliptic and then an instability occurs on the inside of the curvature.
Since in the inner part of the deflection the cylinder is compressed, the pressure is
spontaneously released by the formation of a kink. Regarding microtubules, the de-
formation of the cross-section is observed in experiments [45], and the change in the
lattice structure is illustrated in figure 3.3 C. The formation of sharp kinks is also
found in experiment when microtubules are strongly bent [43]. Then, even breakage
of single protofilaments can be observed, see figure 3.4. Rupture occurs for induced
bends with radius of about 0.6µm [46, 47].
The influence of the microtubule lattice helicallity on the kink formation is studied.
It has been shown that, if the spacial exclusion of monomers is taken into account,
no significant difference exist between the buckling of helical and non-helical lattice
tubes [43]. However, the influence of the microtubule seam on the bending charac-
teristics is yet to investigate.
Thus, bending always involves structural changes in the molecular structure of the
microtubule. That results in a high resistance of the microtubules to deflections and
manifests in a bending rigidity that is indicated as 10−23 - 10−24Nm2, depending on
the source [3,6,7]. Thermal fluctuations in vitro lead to deformations on length scales
of a few millimetres, which defines the microtubule thermal persistence length.
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V. Hunyadi and others
Figure 3 Electron micrograph of a strongly bent MT
pulled by an extension of a few protofilaments, and
elastic sheet model tube pulled by a point force at the
top end (clamped at the bottom)
The shape can be reproduced only with proper ratio of lon-
gitudinal and lateral bond strengths, and magnitudes can be
estimated bymatchingmeasured andmodel flexural rigidities.
stable, mainly because several dimers at the terminals
have one-sided lateral bonds, but the difference is
unimportant.
We reiterate that these results are not surprising,
because the local deformations are verymoderate, even
for the strongly bent tube shown in Figure 3.
Helicity is without effect on critical
local buckling
It is far less obvious what might be the implication
of lattice structure for critical deformations. Figure 4
shows an unusual configuration, in which the com-
pression in the concave side of the bent MT wall was
probably strong enough to initiate local buckling and
break protofilaments.
Local buckling is not to be confused with Euler
buckling, which refers to the elastic instability of a
thin rod subject to longitudinal compressing forces
(Landau and Lifshitz, 1986). Local buckling can be
demonstrated simply by bending a drinking straw:
as its overall curvature increases, its cross-section
changes from circular to increasingly elliptic until a
kink forms and the tube collapses (see also Figure 5).
This phenomenon is referred to as the Brazier effect
in the engineering literature (Brazier, 1927). Brazier
buckling is a rather complex phenomenon (Calladine,
1983). It depends not only onmacroscopic properties,
such as flexural and bending rigidities, geometry, de-
Figure 4 Strongly bent MT with missing concave wall
Inset: magnification of the curled protofilaments, indicating
depolymerization in progress. This depolymerization, starting
from the middle of an otherwise intact MT, was probably initi-
ated by critical local buckling.
formation history or internal pressure; in real mater-
ials, local (microscopic) parameters, such as residual
stresses or structural irregularities (buckling seeds),
can play an equally important role.
We carried out a series of buckling simulations
with different parameters in the elastic sheet model
(Ja´nosi et al., 1998). In general, we observed the well-
known characteristics of local buckling: an increas-
ing bending force leads to significant eccentricity
of the cross-section togetherwith a gradual decrease of
global rigidity until the tube collapses. We obtained
the same critical eccentricity, 0.790, for all values
of the model parameters. This result agrees well with
the theoretical value estimated by Reissner (1961),
who solved the non-linear local buckling problem
for an infinitely long thin-walled tube, giving also a
correction to the linear solution of Brazier (1927).
We found that wall anisotropy has a dramatic ef-
fect on how cylindrical shells buckle. A non-helical
lattice develops a sharp kink, similar to a straw,
as demonstrated in Figure 5 (lower panel). In con-
trast, a helical lattice buckles in a way that leaves
its sides smooth, as illustrated in Figure 5 (upper
panel). At this point, however, the sheet model be-
comes unrealistic as a model for real MTs, because
120 C⃝ Portland Press 2007 | www.biolcell.org
Figure 3.4: Microtubule breakage caused by strong bending. High compressive forces on the
inside of the deformation destroy single protofilaments which depolymerise. The
inset shows the spontaneous curli g of single protofilaments. Taken from Hun-
yadi et al. [43]. With permission of c©John Wiley and Sons, 2012. Originally pub-
lished in Biology of the Cell 99: 117-128.
Due to the spacial dimension of a cell and the bending rigidities of intracellular fil-
aments, such as microtubules and actin filaments, these biopolymers can be classified
as semi-flexible. Their persistence length is in the order of some millimetres for micro-
tubules and some micrometres for actin respectively [6]. See table 3.1 for an overview
of the mechanical properties of the intracellular filaments.
These measurements of the persistence length are performed in vitro. Observa-
tions in living cells reveal a drastic decrease of the persistence length due to internal
cell processes [7]. However, even an in vitro observation of a length-dependent per-
sistence length has led to detailed investigations that report a microtubule bistabil-
ity [48]. It is caused by a bistability in the tubulin dimers, which results in multiple
morphological ground states of the singe protofilament. W n microtubules depoly-
m rise, the protofilaments pe away from the microtubule and undergo spontaneous
bending, se figure 3.4. Furthermore, due to thermal fluctuations, microtubules trans-
form without energy cost from a straight shape to a shape with intrinsic curvature of
about 1/250nm, and the persistence length needs to be readjusted [9, 33, 49–52]. A
more extensive discussion of the microtubule fluctuations in different experimental
setups is given in section 4.2.
Besides these findings on passive microtubule bending, active processes inside the
cell are known to reduce the persistence length. Such can be, amongst others, me-
diated by cross-linkers that entangle filaments of different kind. In the following, a




Biopolymer networks can form as a result of pure steric interactions of the single
polymers when they grow and create a woven mesh [18, 23]. However, these con-
structions are not very stable and cannot bear high load forces without the presence
of cross-linking proteins. These connect several filaments and enhance the network
stability. Cross-linkers typically have two chemical bonds that attach to filaments.
One distinguishes between passive linkers which simply create a bridge between
single filaments and active cross-linkers which are able to interconnect filaments and
generate forces between them.
3.3.1 Passive cross-linkers
A multitude of passive cross-linkers are known for actin as well as for microtubule
networks. These linkers are called passive within the framework of this thesis, if they
do not actively generate stresses between the filaments. Nevertheless, they can trans-
mit forces within the cytoskeletal lattice that arise, for example, from external stresses,
the restructuration of the cell or the cell motility [53–58]. Although passive, different
experiments have shown that the linker proteins can be slightly elastic and stretch
under load, change configuration and reset to their initial length, when the applied
force vanishes [59–61]. For that reason, they can be interpreted as small springs.
Typically, cross-linking proteins are dimeric, meaning that they possess two bind-
ing domains that can attach to different parts of the cytoskeleton. The linker’s length
defines the characteristic distance between the two binding domains. Within the ra-
dius of interaction, the linker domains attach to filaments and transmit a force from
the lattice to the bound filament [62,63]. With this mechanism, filaments are observed
to arrange into different structures [64–67]. A schematic sketch of filaments intercon-
nected by passive cross-linker is shown in figure 3.5.
Examples for actin-based passive cross-linkers are α-actinin, villin, fimbrin and
filamin [68–73]. Their length varies between 5 and 100nm, and the linkers can align
actin fibres in parallel bundles or link them to antiparallel strands; loose networks
can also be created. Depending on the linker characteristics and concentration, the
resulting mesh size varies from approximately 100nm to 1µm [74, 75].
For microtubules, being intrinsically very rigid, passive cross-linkers have been ob-
served to reinforce structures that have to resist heavy load. Such where observed,
amongst others, within the mitotic spindle, membrane protrusions, cilia, flagella and
tentacles [76–78]. There, the linkers often arrange the tubes into bundles to enhance
structural integrity while preserving the dynamical properties of the filaments to
bend and change length [45, 76, 79]. Microtubule-associated cross-linkers are not
exclusively found to interconnect filaments but also to build bridges between mi-
crotubules and membranes [80]. Furthermore, there are linkers that entangle micro-
tubules with actin filaments [81–83].
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3.3.2 Active cross-linkers: Molecular motors
Active cross-linkers, such as molecular motor proteins, link filaments and are able
to actively displace the bound filaments against each other by applying a mutual
force. The necessary energy for this activity is provided by the hydrolysis of adeno-
sine triphosphate (ATP) [4]. For example, on a small scale molecular motors work
collectively during mitosis, while on larger scales they enable muscle contraction.
Furthermore, these motors are known for their role in intracellular transport. Coping
with such diverse tasks in the living cell, the motor proteins are in general specific
to the filament, and so they are classified as actin- or microtubule-associated mo-
tors [4]. However, some active linkers are found to interact both with, actin and
microtubules [84–87].
Actin-related linkers are the motor proteins of the myosin superfamily that generate
non-equilibrium forces in the actin lattice [4]. Typically, a motor protein is divided
into a head, neck, and tail domain [4]. The motor head binds to and walks along
the filament with power strokes. The tail can bind to a cargo and is linked by a neck
to the motor’s head. Depending on the motor’s task, the cargo can be, for example,
a vesicle in the case of intracellular transport, or another myosin subunit when it
comes to force generation between filaments. Subunits of myosins can assemble to
a combined structure with two head domains, which both bind to filaments. When
performing the power strokes, this combined motor is able to slide filaments along
each other. In the absence of ATP, myosin can statically clamp actin filaments and
generate bundles [63]. Being based on the polar actin filaments, the myosins possess
a preferred direction of motion and walk in the direction of the actin filament’s plus
end. Their power stroke makes them advance with a typical discrete step size of a few
nanometres; the exact step size varies for different members of the myosin family [88].
Microtubule-based motor proteins are the kinesin and the dynein families. They are
observed to slide microtubules against each other, and the most prominent example
for that is the mitotic spindle. There, Kinesin-5 motors generate forces on the spin-
dle’s microtubules for the chromosome segregation between daughter cells [4, 89].
Nevertheless, microtubule-based motor activity is omnipresent during the whole cell
life cycle. The motors entangle the microtubules, and their sliding generates mutual
forces, which result in active deformations of single microtubules [90, 91]. Further-
more, kinesin and dynein motors are the key agents for the intracellular transport
of vesicles [4]. Similar to myosin motors, the microtubule-based motors possess a
tail that binds to the cargo, and a neck or the stalk, that connects the tail to the mo-
tor head domain [4]. Some of the motors are processive, meaning they possess two
head domains. During the motion one is always attached to the filament. The two
heads perform a hand-over-hand movement when stepping forwards. The typical
step length is in the order of magnitude of a tubulin heterodimer with 8nm [4]. Pro-
cessive motors are for example conventional Kinesin-1, Kinesin-2, Kinesin-5, Kinesin-7,
Kinesin-8 and cytoplasmic dynein [4, 89, 92–94]. Other kinesins are non-processive, as
they have a single motor domain and walk with lever strokes, similar to these in the










Figure 3.5: Linker-induced deformations in the microtubule network and the possible
filament-linker-configurations on the right hand side. The filaments grow out of
the centrosome and become entangled due to active and passive cross-linkers.
Active cross-linkers, such as motor proteins, can bind in groups to a single vesicle
and walk on different microtubules. In this way the filaments arrange in bundles
or form knots. Passive cross-linkers construct rigid bridges between filaments.
(a,b) The motion of oppositely orientated motors generates mutual compressive
forces on the filaments and induces Euler-buckling, see also section 2.4. (c) In
a knot situation the cross-linked filaments are not aligned and motor motion in-
duces transversal forces. (d) Passive cross-linkers do not generate stress, but since
they interconnect two filaments, they can transmit forces from one filament to an-
other. When the points of attachment on the two filaments are closer together than
the linker length, the linker is not fully stretched. In that case, no force is transmit-
ted. Adapted (passive linkers added) from Kulic et al. [11]. c©National Academy
of Sciences, USA 2008. Originally published in Proc. Natl. Acad. Sci. 105(29):
10011-10016.
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Microtubule-based motors have a preferential direction of motion relative to the
filament polarity; dyneins walk towards the minus end of the microtubule, whereas
kinesins typically walk towards the plus end [4]. However, kinesin can switch ori-
entation and pull their cargo to the minus end. As there is a variety of kinesins and
dyneins, the type of the cargo can be different. In intracellular transport, the cargo
is the vesicle that is to be transported, while for other tasks, the cargo can be DNA,
another filament or a membrane binding domain [4, 89, 91, 95–97].
Kinesin-5, for example, has two microtubule-binding sites with two motor heads
each. For that reason, it can cross-link two filaments and walk processively on both
filaments, as observed in the mitotic spindle. Another possibility is that several mo-
tors bind to a vesicle with their tails and attach to different filaments. Thus, they use
the cargo to establish the cross-link [11]. Such a scenario is illustrated in figure 3.5.
On the top right hand site of the figure, different filament-motor-configurations are
shown that result in longitudinal or transversal forces on the microtubules. Proces-
sive motors are bound to vesicles and can have opposite orientations, represented in
red and blue respectively.
These cross-linking mechanisms are not restricted to microtubules and their associ-
ated motor proteins alone. During cell division, for example, the microtubule-based
active cross-linkers generate the necessary forces [89, 95, 96]. However, these motors
do not work alone, as a co-localisation of microtubules, actin, kinesins and myosins
suggests [98–100]. Consequently, one supposes that some sort of force transmission
exist between microtubules and actin filaments [99]. This hypothesis is further ad-
dressed in Chapter 4.
The focus of this thesis is the activity of molecular motors in the context of filament
deformation. However, many observations regarding the transport properties are
made in motility essays to characterise the motor dynamics.
The motor proteins have a typical path length which is the distance they walk and
transport the cargo after binding to the filament and before spontaneous detach-
ment [92]. This path length is drastically influenced by the motor’s load. The load-
dependent motility characteristics are well studied for certain common motor types
such as conventional kinesin [8, 101, 102]. Furthermore the detachment force can be
measured; this is the maximal force the motor can withstand before being ripped
off the filament. Similarly, the stall force characterises the maximal load under which
the motor protein is able to perform a step forward. Some motors stop when con-
fronted with forces larger than the stall force and some are observed to slowly walk
backwards [103,104]. These motor characteristics have an important influence on the
mechanics of a network composed of microtubules and actin filaments.
3.3.3 Gels of filaments coupled with cross-linkers
The influence of cross-linkers becomes visible when studying the mechanical prop-
erties of filamentous networks. In a mixture of actin filaments and the static cross-
linker α-actinin, the network’s deformational characteristics are observed to differ
strongly from those of a mesh of pure actin. In the absence of cross-linkers, the net-
34
3.4. Chapter summary
work forms due to filament growth and branching, causing an entanglement by steric
interactions. The stiffness of a previously polymerised actin network can be aug-
mented when adding the linkers. This effect can be measured in rheological experi-
ments. Additional microscopy imaging reveals that, depending on the typical length
of the filaments and the linker concentration, the meshwork is composed of bundles
or is a homogenous and viscous gel [62]. While the passive cross-linkers enhance
the stability of the actin filament network, active cross-linkers such as myosin make
the mesh more fluid-like. This mechanism is thought to be the reason why gel-like
actin structures are dominant near the cell membrane and form stress-fibres [105].
The interplay of actin, passive and active cross-linkers allow fast reconstruction of
the network’s morphology, while at the same time being a resistant against external
forces. Various investigations have been performed on the topic of the stiffness of the
actin gels and its determining factors [63, 106–108].
The cytoskeleton is a network composed of actin and microtubules. As such it is
interesting to investigate the interaction of the two kinds of filaments and their cor-
responding motors. Actin has been proven to be reinforced to a gel by microtubule-
associated cross-linkers as well [83, 109]. In vitro viscosity measurements with pu-
rified actin, microtubules and microtubule-associated proteins (MAPs), have shown
that such composed networks have a higher viscosity in the presence of linkers than
the filament constituents themselves. The gel can be completely random, however,
the filaments can also align locally [83, 110]. In the living cell, cross-linking proteins
generate mutual forces between the actin and microtubule networks [7,63,84]. These
are observed especially in the dynamics of the microtubules during their growth
and bending due to force fluctuation in active gels [7, 15]. Theoretical explanations
are based on the assumption that the static cross-linkers serve as anchors between
the filaments and the action of molecular motors generates forces against theses
bonds [11, 15]. Moreover, stiffening and the viscoelastic response to deformations
of the gel under the presence of linkers can be explained [111]. At the same time, the
linker activity decreases the apparent rigidity of single filaments as the stress induces
bending [112]. This effect is the focal point of this thesis and will be discussed in
detail in the following chapter.
3.4 Chapter summary
The key components of the cell cytoskeleton, regarding the study of its mechanical
properties, are microtubules and actin filaments together with various cross-linking
proteins. The initially independent filamentous networks of actin and microtubules
are interconnected via active and passive agents that generate a complex out-of-
equilibrium system in the living cell. Whereas in vitro networks with specifically
selected linkers and motor proteins are a well-defined frame of experimental and
theoretical studies, the investigation of active in vivo networks is a challenge.
The present chapter has provided background information on the biopolymer
structure, their bending behaviour and the cross-linkers responsible for filament de-
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formation in the living cell. Based thereon and on the polymer physics background,
recent experimental studies and modelling approaches to deformations of biopoly-
mers are reviewed in the first part of Chapter 4. From these observations, the key
question of interest for this thesis arises: How does a single semi-flexible biopolymer be-
have under the stresses exerted by dynamic cross-linkers? In order to supply the tools of a
theoretical study and the stochastic simulation of a model for such filament fluctua-
tions, Monte Carlo techniques are introduced in the second section of Chapter 4.
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State of the art in the study of filament
deformations
4.1 Chapter introduction
Bending of intracellular filaments, as observed in different experimental studies, can
be understood by combining the polymer physics background with the knowledge
on cytoskeletal components and possible origins of intracellular forces. Bringing to-
gether these two areas of research, a broad field of mechanical investigations on the
properties of the cell’s cytoskeleton has developed in the past years [63,113,114]. This
chapter provides an overview of experimental studies, the modelling of microtubule
deformation and the simulation techniques employed for that purpose. In the first
part, the microtubule bending characteristics as a response to thermal and driven
fluctuations are addressed. While thermal in vitro bending is understood to a large
extent, questions remain open for active bending mechanisms in living cells. These
serve as motivation for the study of the physical properties of biopolymers driven
by active processes, which is carried out in this thesis. After the discussion of the
physical mechanisms that lead to filament deformations, methods for the simulation
of stochastic systems far from equilibrium are discussed. These can be used to imple-
ment in silico models for microtubule deformations.
4.2 Experimental studies and modelling approaches to
filament fluctuations
To study the bending of biopolymers, microscopy imaging is, amongst other, fre-
quently employed. Microtubules and other cytoskeletal components can be fluores-
cently labeled to make their morphology visible in static and life-cell imaging. The
microscopy images are handed over to image analysis tools that identify the filament
shape. That data is further used to study shape fluctuations.
Experimental observation on microtubule bending and modelling attempts are re-
viewed in the following. When bending, changes in the microtubule structure can be
observed in various experimental scenarios. The filament’s bending rigidity is found
to be influenced by several factors that affect their molecular structure. The impor-
tant ones, that are known to present date, are summarised briefly. As general bending
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and the underlying molecular mechanisms are not the key interest of this thesis, the
respective part is kept short and references are given for more detailed information.
The bending characteristics differ strongly depending on their origin. Thermal fluc-
tuations are widely studied and their properties are summarised in the following in
order to distinguish them from actively driven fluctuations. Thermal bending studies
are typically carried out in a well controlled in vitro setup so that bending rigidity and
persistence length estimations give reliable results. The observed fluctuations are put
in relation to the predictions of the model of the worm-like chain and its bending
characteristics.
As microtubule fluctuations in the living cell happen in the crowded environment
of the cytoskeleton, filament fluctuations in confinement are in the spotlight of recent
research. In vivo, the activity of linker proteins adds to confinement issues, and a
complex bending behaviour is the result. Moreover, prominent differences between
in vitro and in vivo fluctuations become apparent in the deformation spectrum as well
as in the persistence length. These are topic of experimental studies, artificial cy-
toskeleton reconstructions and modelling approaches with the aim to understand the
complex bending under dynamic constraints.
4.2.1 Mechanics of microtubule deformations
The bending mechanics of a single microtubule are a central issue in both experimen-
tal and theoretical studies. The microtubule’s structure and their deformations were
observed in very early microscopy images of the cell’s cytoskeleton [76,79,115]. Based
thereon a broad field of research has developed. A good overview of experimental
knowledge about microtubule bending, the origins and the consequences for the cell
cytoskeleton is given in the review paper by Hawkins et al. [113].
Microtubule deformations were naturally first observed in cell microscopy, but
many studies focus on fluctuations in vitro. Experimental setups range from sim-
ple thermal in vitro fluctuations with and without an additional external force
field [6, 116] to scenarios where the microtubule is artificially bent in optical tweez-
ers [3,117,118] or in atomic force microscopy [119–121]. Experiments with an applied
external force typically result in Euler-buckling and serve to determine the bending
rigidity and the Young’s modulus of the microtubule under varying conditions. In
the absence of applied forces, the thermal persistence length of microtubules can be
measured. In experimental studies, several factors are found to influence the micro-
tubule bending behaviour: Taxol, MAPs, GTP, the polymerisation rate and the micro-
tubule length. These are discussed in the following:
Taxol, which is a drug that stabilises microtubules, is known to have an ef-
fect on the persistence length; however studies argue if it increases or decreases
it [6, 113, 122–124]. The drug can change the intrinsic structure of tubulin het-
erodimers; this has been observed in electron microscopy investigations [48]. Taxol’s
impact is especially prominent when microtubules are assembled in its presence.
Then, not only the configuration of the protofilament’s subunits is modified, but also
the average number of protofilaments in a microtubule is decreased. It is speculated
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that the change in the dimeric structure neutralises the bistability of single protofil-
ament: In the absence of taxol a dimer is slightly bent due to a non-zero bond angle
between monomers. When taxol is added, the dimer configuration straightens [48].
The non-zero bond angle of the dimers is the reason for the protofilaments’ bista-
bility and provokes their spontaneous bending. This is observed during filament
depolymerisation. Then, the protofilaments bend away from the longitudinal micro-
tubule axis and peel off in strands. Under the presence of taxol, the protofilaments do
not bend spontaneously and disintegration of the filament is hindered. Taxol’s pres-
ence does not not only result in a lower depolymerisation rate, but also suppresses
spontaneous shape fluctuations of the whole microtubule, which were discussed in
section 3.2.2. Different types of experiments agree that the intrinsic bending rigidity
and the persistence length increase under the influence of taxol [117, 123]. Further-
more, a theory predicts the same effect [124]: A configurational change of the pre-
ferred dimer bond angles in the presence of taxol is sufficient to generate a higher
intrinsic bending rigidity, even though taxol has no direct influence on the bond
strength itself. Other experiments observe no influence or a decrease of the flexu-
ral rigidity in the presence of taxol [3, 113]. These are performed in the presence of
MAPs, that may interfere the microtubule rigidity measurements. Additionally, it has
been shown that the effect of taxol is less prominent when this drug is added after
filament polymerisation [48].
During polymerisation, the protofilaments are assembled, and for that reason the
polymerisation process is the key for the stability of the whole microtubule. Fast
polymerisation is observed to decrease the persistence length. It enhances the proba-
bility of lattice defects in the microtubule structure, which weakens the filament and
make it less rigid [113, 125].
Furthermore, an increase in microtubule stiffness can be induced by the nucleotide
GTP as well as various MAPs [113, 116, 123, 126]. They enhance the tubulin bonds
along one protofilament.
Finally, the most interesting observation is the length-dependent persistence
length [33,113,117,125]. The shorter the microtubule, the lower its persistence length.
Experiments of thermal microtubule fluctuations with contour lengths between
2.6µm and 47.5µm reveal persistence lengths from 110µm to 5035µm [33]. Fig-
ure 4.1 D shows the increase of the persistence length with increasing contour length.
Compared to the predictions of the bending theory of worm-like chain polymers in
section 2.2.3, the persistence length should be constant. The longer the microtubules,
the better the theory agrees with the typical length scales of bending. For short
microtubules the persistence length is by far overestimated. Using the theory of the
worm-like chain, one assumes that the microtubule is homogenous and isotropic.
The persistence length is then determined, for a given temperature, by the bending
rigidity, that means by the Young’s modulus and the area momentum of inertia as
shown in section 2.2.3. As mentioned in section 3.2.2, the bonds between single
tubulin dimers are anisotropic in longitudinal and transversal direction. Longitudi-
nal bonds of dimers along one protofilament are strong in comparison to transversal
bonds between the dimers of neighbouring protofilaments. Consequently, when
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Figure 4.1: Persistence length and mechanics of anisotropic microtubules. Depending on the
microtubule’s contour length, the mechanics are dominated by shear deformation
or tensile, respectively compressive, deformation. (A, B, C) Shear deformations
are characterised by the shear modulus G and tensile or compressive deformation
by the Young’s modulus E. For microtubules, the shear modulus is much smaller
than the Young’s modulus. Consequently, the persistence length of short filaments
is smaller than predicted because tensile, respectively compressive, deformations
are less pronounced than shear deformations. (D) The longer the contour length,
the more influence gets the Young’s, and the higher the persistence length. Taken
from Pampaloni et al. [33]. c©National Academy of Sciences, USA 2006. Originally
published in Proc. Natl. Acad. Sci. 103(27): 10248-10253.
40
4.2. Experimental studies and modelling approaches to filament fluctuations
the microtubule is bent, the protofilaments slide easily along each other, while
stretching single dimers of one protofilament has a high cost of energy. Atomic force
microscopy measurements have shown that the shear modulus G of microtubules,
indicating the resistance of protofilament sliding, is about two to three times smaller
than the Young’s modulus EY, which quantifies the microtubule’s resistance to
stretching [33, 120, 127, 128]. When short microtubules are grafted with one end and
exposed to a load force, the deformation in response will be a shear deformation [33].
The corresponding resistance to that deformation is mainly characterised by the
shear modulus, and for that reason, the persistence length is rather low. Longer
microtubules when exposed to the same load develop a bend composed of shear as
well as of tensile and compressive deformation. With increasing length, the influence
of the Young’s modulus becomes dominant and the bending behaviour can be well
described by the theory of worm-like chains [129].
Even though the isotropic simplification of microtubules cannot explain the length-
dependent persistence length [129], it is a sufficiently good approach to Euler-
bending when the considered microtubules are long enough. As microscopy tech-
niques advance and single molecule nano-manipulations allow one a detailed study
of the mechanics, Euler-buckling of microtubules is still of interest [130]. Newer mod-
els interpret the microtubule as an orthotropic elastic shell, taking into account the
difference in structure of the filament along the differing polymer axis [129, 131, 132].
Even more realistic models can be reached by molecular dynamics studies and sim-
ulations. These are in principle feasible but still demand enormous computational
power. For that reason, coarse grained approaches are typically employed in bio-
physical models [133]. To date, the worm-like chain model described in section 2.2.3,
is typically used when the studied aspect of microtubule deformation does not de-
mand a finer gained model, as it is the case for this thesis. In the following sec-
tions microtubule fluctuations in thermal and actively driven systems are presented
in more detail.
4.2.2 Microtubule deformations caused by thermal fluctuations
To study thermal fluctuations of microtubules, in vitro experiments of filament fluc-
tuations in solution are typically performed in confined compartments which limit
fluctuations to two dimensions. This is necessary in order to be able to extract the
filament’s shape in a single focal plane. The microtubule’s shape is analysed, and the
bending spectrum is frequently used to gain information about the filament’s flexural
rigidity and its persistence length [6]. Microtubules are found to have a flexural
rigidity of about 2 · 10−23Nm2; that corresponds to a thermal persistence length of
about 5mm at a temperature of 37◦C for taxol stabilised microtubules. Other studies
followed, changing the experimental setup from free thermal fluctuation in solution,
to filaments grafted on one end, to the presence of different factors such as taxol, GTP,
tau and MAPs. As discussed previously, MAPs are known to influence the persis-
tence length. However, all measurements of the bending rigidity fall in the interval
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Figure 4.2: Thermal fluctuations of a microtubule in two dimensions. Images taken with a
time laps of ∼10s. The filament shows smooth and slowly evolving shape vari-
ations and a persistence length of a few millimetres is estimated. The scale bar
on the right represents 10µm. Reprinted from Gittes et al. [6]. c© Gittes et al.,
1993. Originally published in J. Cell. Biol. 120(4): 923-934.
of about 10−23 − 10−24Nm2 and the corresponding persistence lengths all range in
an order of magnitude of about one millimetre [7, 33, 113, 116, 123, 125, 134, 135]. That
persistence length agrees well with the predictions of the worm-like chain model.
Thermal microtubule fluctuations are modelled as a simple random walk with
given persistence length [7], worm-like chains [6] or orthotropic elastic shells [129,
131, 132]. These models generate equilibrium fluctuations and the bending spectrum
analysis, see section 2.3.2, reveals the typical variance of bending amplitudes aq as a




For such thermal fluctuations, the equilibrium-like q−2 characteristics are correctly
mimicked by the models. The persistence length is found to agree well with the
in vitro value measured above. Summing up, the proposed models can mimic the
experimental observation in the case of thermal fluctuations.
Nevertheless, these in vitro studies of a single microtubule cannot capture the com-
plex behaviour of filaments in the cytoskeleton. In comparison to a typical cell’s
size, the thermal persistence length suggests that microtubules span rather straight
throughout the cell. Microscopy images of the cytoskeleton prove this hypothesis
wrong. Microtubule deformations exist on all length scales, see figure 4.3 B2. These
can arise from linker activity on the filaments, as well as from hard-core interactions
with objects of the surrounding matrix.
4.2.3 Microtubule deformations caused by the surrounding matrix
Neglecting the presence of cross-linkers in living cells for an instant, the influence of
the surrounding lattice can be best studied in artificial networks. Unfortunately, there
are only few investigations of in vitro networks of microtubules and other filaments.
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One reason might be that it is difficult to accomplish the simultaneous polymerisation
of different filament in experiments.
However, it has been observed that microtubules bend under forces that arise from
the assembly of intermediate filaments [136]. Likewise, small microtubule deforma-
tions occur in an artificial network of F-actin filaments [13]. These are interpreted
to be of thermal origin as a bending spectrum analysis reveals the equilibrium q−2
spectrum with long wavelength deformations and a persistence length of a few mil-
limetres. The mesh size strongly influences microtubule bending, suppressing ther-
mal fluctuations if the mesh is much smaller than the scale of typical thermal buck-
ling [137]. If short wavelength bending were observed in such setups, then they
would be due to the constraining forces in the mesh.
This aspect is further investigated by confining semi-flexible filaments in micro-
channels as an abstraction of mesh entanglement [138]. For micro-channels with a
weak curvature compared to the typical scale of thermal bending, filament fluctua-
tions are superimposed to the confinement-imposed shape. Such fluctuations are no
longer visible if the channel curvature is too high. In that case, the shape is fixed by
the confinement and the filament does no longer fluctuate [138].
4.2.4 Microtubule deformations caused by active linkers
In living cells, microtubules are observed to exhibit dynamical fluctuations which
are far too different to consider them to be of thermal origin. Thermal fluctuations
result in long-scale bending on scales of millimetres. In vivo, large-scale deformations
exist, but buckling with much smaller wavelength is also observed. As shown in
figure 4.3 B2, bending occurs in every region of the cell: in the cytoskeleton’s bulk as
well as close to the membrane, where microtubule tips are typically located.
The high persistence length of microtubules predicts a straight filament and
eventual long-scale deformations. However short-scale buckling near the membrane
is observed [139]. A microtubule growing straight towards the cell membrane
exhibits short-scale bucking on ∼2µm scales when the filament tip collides with
the membrane. Quantitative in vivo studies of these deformations are done with
artificially induced forces on single microtubules in the living cell [14]. When
exerting an external force on the cell membrane with a micro-needle, the mechanical
response of the underlying fluorescent labeled microtubules can be studied with
live cell imaging. Figure 4.3 A1 shows an area close to the membrane a detail.
There, a microtubule has grown straight towards the membrane but does not touch
it. When applying a force to the membrane and the underlying microtubule, the
microtubule is compressed and buckles as shown in figures 4.3 A2-A4. This scenario
is described by Euler-buckling, see section 2.4. This theory predicts bending with a
single deflection of filament length when compressed by a critical force. That force
depends on the filament’s bending rigidity and contour length. For microtubules in
living cells this force would be about 1pN, which is in the order of magnitude of a
single molecular motor power. Consequently Euler-buckling should be observable
in vivo.
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Figure 4.3: (A1-A4) Microtubule buckling induced by a compressive external force applied
by a micro-needle. The bright dot indicates the position of the needle’s tip. The
pressure is successively increased and the (A2) initially straight microtubule starts
(A3, A4) bending on a length scale of about 3µm. Scale bar indicates 10µm.
Reprinted from Brangwynne et al. [14]. c© Brangwynne et al., 2006. Originally
published in J. Cell. Biol. 175(5): 733-741. (B1) In vivo fluctuations of microtubules
with bending on all length scales. The inset illustrates the cross-linking of a micro-
tubule in an active actin network and shows the resulting microtubule bending.
(B2) Snapshots of microtubule bending in an artificial network of actin and myosin
motors. The time laps between pictures is about 80ms. Reprinted from [13] with
permission from Brangwynne et al., Physical Review Letters. 100(11): 11804-4.
c©2008 by the American Physical Society.
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In micro-needle manipulations, however, see figures 4.3 A1-A4, an initially rela-
tively straight microtubule buckles under compressive load. The deformation does
not consist of a single wave number bend as expected from free Euler-buckling but
is composed of small deformations on a length scale of a few micrometres [14]. It
has been demonstrated that large-scale Euler-buckling is made impossible by the en-
tanglement of the microtubules in the surrounding lattice of actin and intermediate
filaments [14]. Instead, the microtubule releases its stress by short-scale buckling
where a network weakness allows local displacement. Treating the cells with a drug
that depolymerises the actin network, the compressive force of the micro-needle re-
sults in pure Euler-bucking with a single bending mode and one long length scale
deformation of about 4µm.
As buckling is not exclusively observed near the cell membrane, the impact of ac-
tive processes inside the cytoskeletal bulk is investigated. Experiments on beating
cardiac muscle cells provide prove of microtubule buckling caused by the activity of
myosin motors. The repetitive contraction of the actin mesh is transmitted to the mi-
crotubules via cross-linkers and the microtubules exhibited bending with the same
temporal patterns in response [14].
Buckling happens on all length scales in the living cell. It is suggested that short-
scale buckling results from active processes whereas long-scale deformations stem
from the filament growth and global cell reconstruction [7]. A persistence length
analysis reveals bending on an average length scale of about 30µm, which is about
100 times smaller than thermal bending. The bending spectrum follows an equilib-
rium q−2 law for long as well as for short-scale deformations. Internal processes,
being driven by non-thermal linker forces, are a priori out of equilibrium and for that
reason a q−2 spectrum has not been predicted. Furthermore, the time and ensem-
ble averages of short-scale fluctuations roughly collapse supporting the equilibrium
character. While short-scale bending is highly active, long-scale deformations do not
significantly evolve in time. In ATP depleted cells deformations are observed to per-
sist on all length scales and just being immobile. Accordingly the thermal influence
on deformation buildup is negligible in in vivo networks [7].
As thermal fluctuations cannot be the origin of long-scale bending, it is suggested
that such bending could result from a persistent random walk of the microtubule’s tip
through the cytoskeletal mesh. During growth, the tip is permanently reorientated by
cytoskeletal forces. Newly grown filament segments get trapped when cross-linked
to the surrounding matrix shortly after growth. This random walk is suggested to be
the origin of the q−2 spectrum. To support this hypothesis, the microtubule network
is destroyed with a drug. Then, regrowing microtubules directly exhibit q−2 bend-
ing [7]. The bending spectra before and after microtubule network dissolution and
regrowth are compared in figure 4.4 A.
Departing from the fact that the microtubules are interconnected with other cy-
toskeletal filaments via linkers, a model is proposed for short-scale bending [13, 15].
There, the release of actin-microtubule bonds produces highly localised forces on mi-
crotubules. These forces are stated to be the cause for short-scale bending. In a poly-
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Figure 4.4: Bending spectra of in vivo microtubule fluctuations and bending spectra measured
in a model cytoskeleton. (A) In a living cell the bending spectrum is measured
before (red circles) and after a dissolution of the microtubule network and sub-
sequent regrow (green squares). Both spectra show the q−2 behaviour in a small
regime of wave numbers q. Reprinted from Brangwynne et al. [7]. c©National
Academy of Sciences, USA 2007. Originally published in Proc. Natl. Acad. Sci.
104(41): 16128-16133. (B) In a model network assembled from purified actin,
the microtubules exhibit thermal fluctuations and parts of the spectrum are q−2.
(C) When myosin motors are added, the q−2 regime vanishes and the bending
amplitudes of large corresponding wave numbers increase in comparison to the
thermal setup. Here, the bending spectra are evaluated at different times after the
addition of the motor proteins. B and C are reprinted from [13] with permission
from Brangwynne et al., Physical Review Letters. 100(11): 11804-4. c©2008 by the
American Physical Society.
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Figure 4.5: Setup for microtubule deformations induced by molecular motors of the model
published in [1]. The filament is interpreted as chain of rigid segments to which
the motors bind and cross-link the filament and the cytomatrix. Motor motion sig-
nificantly reduces the typical scales of filament bending, however the full bending
spectrum could not be reproduced with this model. Taken from Shekhar et al. [1].
With permission of c©Springer, 2013. Originally published in Cellular and Molec-
ular Bioengineering 6(2): 120-129.
merised model cytoskeleton of actin and microtubules, a q−2 spectrum is observed
with reasonable persistence length of about 1mm for thermal fluctuations within the
lattice and in absence of motors. When adding myosin motors, the persistence length
decreases to approximately 1µm and the bending spectrum differs from equilibrium
fluctuations [13]. Figure 4.4 B and C show the bending spectra in the network with
and without myosin motors. Whereas in the absence of motors a q−2 regime is ob-
served, it vanishes when motors are added. The bending amplitudes of small cor-
responding wave numbers then increase in comparison to the thermal setup. The
forces that are necessary to generate these deformations are in the order of magni-
tude of about 10pN. That suggests collective myosin activity, as a single motor can
induce forces of about 3pN [10]. Furthermore, filament deformations can also be ob-
served in pure microtubule networks under the action of kinesin motors [90].
Based on these experimental observations, several studies address actively de-
formed microtubules embedded in a network, most concentrating on longitudinal
compressive forces [140–142].
A theoretical model was published recently on the bending of a single microtubule
under motor action [1]. The microtubule is modelled as a chain of straight segments
to which model motors can attach, see figure 4.5. When bound, the motors are
attached to the background at a certain variable position and can walk along the
microtubule in the direction of the minus end. Meanwhile they pull the microtubule
segment in a random direction, which is given by the displacement of the anchoring
point, and shift the microtubule segment. Additionally, in this setup the filament
itself can grow. The motors are modelled as elastic springs and their dynamics are
stochastic with a binding and unbinding rate and a linear force velocity relation.
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This simple model mimics large-scale deformation of the microtubule and bending
on scales much smaller than the thermal persistence length. An analysis of bending
modes showed that the variance of long-scale deformations are in good agreement
with observations in living cells. However, the full bending spectrum could not be
reproduced [1].
Despite the effort put into understanding active deformation of microtubules in liv-
ing cells, their non-trivial deformations remain not fully understood. Many findings
agree on the linker activity and the embedding into the cytoskeletal mesh as the ori-
gin of these fluctuations. Thereby a smaller persistence length than for pure thermal
fluctuations can be explained. However, the study of the bending spectrum raises
the question whether such active processes develop an equilibrium-like deformation
spectrum. Furthermore, no model for driven fluctuation of microtubules, that explic-
itly respects the semi-flexible nature of the filaments is known to present date. For
that reason, a full semi-flexible model for driven microtubule deformation is proposed
in this thesis. In contrast to the existing models, it takes into account the complex
bending, the resulting force propagation along the semi-flexible polymer, as well as
the dynamics of cytoskeletal cross-linkers, see Chapters 5 and 6. This model is stud-
ied by means of Monte Carlo simulations; a short introduction to relevant methods is
given in the following section.
4.3 Monte Carlo techniques for stochastic simulations
When investigating a complex system, the classical approach of characterising its dy-
namics with deterministic equations can be difficult to work with. This is especially
the case when the number of particles is too large and there are too many degrees of
freedom. Even for problems with tens of particles involved, it is infeasible to solve
the coupled equations of motion.
A model that is set up on the basis of classic equations is called deterministic model.
In the case of dynamical models, the equations of motion explicitly characterise po-
sition and momentum of each particle and the time evolution of these observables.
Given unique initial conditions, the prediction of the model is also unique. Some de-
terministic systems, however, generate chaos, which seems random, unpredictable
and not reproducible. However, such a behaviour is effectively not random but de-
pends strongly on the initial conditions. The state of the system cannot be charac-
terised and repeated with arbitrary precision, so the outcome seems chaotic.
When studying deterministic models in experiments, the setup is subjected to en-
vironmental noise fluctuations. These stochastic forces superpose to the deterministic
properties and can have a major impact on the system. This is the case if the consid-
ered objects are very small or the model’s dynamics is non-linear and amplifies the
noise effect.
A well known example for a complex, noise-driven system related to biophysics
is the setup of a macroscopic particle floating in a solution of molecules. Due to
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numerous collisions with the molecules in solution, the particle performs Brownian
motion [143]. Since for the deterministic approach the position and momentum for
every solvent molecule has to be taken into account, the consecutive equations cannot
be solved. However, stochastic modelling is a powerful tool to access such problems.
In stochastic modelling, a coarse-grained simplification is employed to describe
the interaction of the solvent particles with the macromolecule. All the collisions
of solvent particles with the macromolecule are merged into a random force that
displaces the macromolecule step-by-step. Most of the information on single solvent
particle observables is thus abstracted to the order of magnitude of interest - that of
the macromolecule. In such a way, its motion is described as a random walk. When
it comes to stochastic simulation, the time scale of the motion is typically discretised
and used to update the system. Then, for every update the average collision force
direction is determined by a random variable.
The stochastic models that are simulated in this thesis all share the Markov property.
That means that the system’s evolution only depends on its actual state and not on its
history. Let C be a system configuration at a given time t, so that the corresponding
probability for the system to be in that configuration is given by Pt(C). The time
evolution of this state’s probability is characterised by the rate ω(C → C′,∆t) for
a transition from the configuration C to another C′ during a time interval ∆t. The
master equation summarises all possible transitions that affect a configuration C and
gives the time evolution of the respective state probability according to
Pt+∆t(C) = Pt(C) +
∑
C′ 6=C
ω(C′ → C,∆t) Pt(C′)−
∑
C6=C′
ω(C → C′,∆t) Pt(C). (4.2)
The transition rates do not specify the exact moment of the transition; it may happen
anytime. So a probability p of a transition within a given time interval ∆t reads
p∆t(C′ → C) = ω(C′ → C,∆t) ∆t. (4.3)
Within this formalism, the probability needs to be globally conserved at every mo-
ment, meaning that
∑
C Pt(C) = 1. The steady state of the stochastic system is reached
if the probability flux into a configuration is balanced by the flux out of it in equa-
tion (4.2). The probability density and the transition rates are then time-independent.
The steady state condition reads∑
C′ 6=C
ω(C′ → C) P (C′) =
∑
C6=C′
ω(C → C′) P (C) (4.4)
for the sum of all configurations C and C ′. At this point, equilibrium systems are
distinguished from out-of-equilibrium systems. While the master equation and the
steady state formulation in equations (4.2) and (4.4) apply to both types of systems,
the following theory of configuration probability is generally limited to equilibrium
configurations.
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In thermal equilibrium, an energy function, which is the Hamiltonian H(C), can
be assigned to a configuration C. In a heat bath of temperature T , the equilibrium
probability that a configuration occurs is given by the Boltzmann probability
P (C) = 1Z e
−βH(C) with Z =
∫
dC e−βH(C) and β = 1
T
. (4.5)
Z is the corresponding partition function, and ∫ dC indicates the integration over
all possible configurations over time or within an ensemble. When investigating a
system, thermodynamically expected values O are of interest and can be calculated
as a weighted arithmetic mean
〈O〉 =
∫
dC O(C)P (C), (4.6)
by integrating over all possible configurations of the system. Due to the high num-
ber of degrees of freedom in many complex systems, this multi-dimensional integral
is impossible to evaluate analytically in most cases. However, this can be done by
stochastic modelling, which gives more accurate results in higher dimensions any-
way.
The fluctuation of a biopolymer driven by thermal fluctuations, see section 4.2.2, is
an example of an equilibrium system. However, if the polymer is exposed to any ac-
tive processes, see section 4.2.4, it is driven out of equilibrium. Such non-equilibrium
systems often do not have a specific energy function. The system is then characterised
by its dynamical transition rates and its steady state depends on the actual state of
the system.
The most basic Monte Carlo method is simple sampling, which means that an
observable is averaged over random configurations. As long as the different configu-
rations have a comparable probability, this method is reasonably efficient. However,
when rare evens are studied, the simple sampling generates many configurations,
which have a low statistical weight until the first rare event occurs. Thermodynamic
expectation values in the steady state of such a system will converge slowly when
sampled in that way. To avoid such inefficiency, importance sampling is a more prac-
tical way to simulate the system. Still the interest is on steady state configurations.
By changing the dynamics in such a way that configurations converge faster to
the steady state, an observable can be sampled in the area of configuration space
of interest. The importance sampling method directly generates configurations as
a function of their statistical weight. However, in that case, measurements of the
observable must be weighted by a correction factor. This is achieved, for example,
using the corresponding Boltzmann factor, see equation (4.5) - however, any suitable
weighting function can be employed. If this function is well chosen, the importance
sampling significantly reduces the computation time needed to gain a reliable
estimation of an observable by reducing its variance. A bad choice, on the other
hand, makes the estimation worse than the simple sampling method.
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When an equilibrium steady state is reached, the detailed balance is fulfilled. Such is
ω(C′ → C) P (C′) = ω(C → C′) P (C) (4.7)
independently for every configuration C. Then every transition is balanced by its
backwards transition. The evolution of a simulated system towards its equilibrium
state is similar to the convergence observed in the corresponding experiments. The
transition rates between different configurations can be chosen differently depending
on the characteristics of the studied system. In the following, those used for the
simulation of different models in this thesis are presented.
4.3.1 Metropolis algorithm
The Metropolis choice for transition rates generates equilibrium configurations that
fulfil the detailed balance [144]. Being consistent with the Boltzmann distribu-
tion, their probability is a function of the state energy and the system’s tempera-
ture T = 1/β. Every transition towards a configuration that lowers the system’s en-
ergy is automatically accepted. Updates, also called sweeps, that increase the energy
are accepted with probability
p(C → C′) =
{
e−β∆H(C,C′) if ∆H(C, C′) ≥ 0
1 else.
(4.8)
This is the algorithm of choice for simulations of thermally-driven filaments, see sec-
tion 6.3. While Metropolis simulations are easy to handle, a balance needs to be found
between the speed of configuration evolution and the rejection rate. When the algo-
rithm is configured for small changes in configurations, the difference in energy and
the probability of rejections are typically small. However, then the configurations
evolve slowly, and autocorrelations persist over many system updates. More drastic
updates, which strongly change the configuration, favour the decay of configura-
tion’s autocorrelations but are frequently rejected, especially for lower temperatures.
Because of the influence of the inverse temperature in (4.8), transitions at low temper-
atures are mainly accepted if the energy is lowered, that means ∆H(C, C′) . 0, other
transitions do effectively not occur. In addition to the above, every update addresses
a single degree of freedom. If the system has many degrees of freedom and accord-
ingly a large configurational space, an update changes its configuration only locally.
Consequently many sweeps are needed before significantly changing the global con-
figuration. This also gives rise to slowly decaying autocorrelations and may result in
a loss of ergodicity.
Another point to consider is that the updates that lower the system’s energy are
automatically accepted, while others can be refused. Different realisations of the sim-
ulation thus agglomerate in the different minima of the energy landscape. When not
explicitly using the algorithm for the search of the system’s energy minima but rather
to explore the whole configuration space, this sort of algorithm is inefficient. In that
case, the use of a more sophisticated rejection-free update routine can be fruitful. Two
representatives for these routines are presented and discussed in the following.
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4.3.2 Rejection-free sampling methods
Tower sampling The tower sampling method avoids the rejection of proposed up-
dates by construction. Starting from a given configuration at a certain time t, a tran-
sition is chosen from a set of all possible transitions at this moment. To do so, every
transition i that may happen due to the systems actual configuration is taken into
account with its corresponding rate ωi. The rates are cumulated to a functions Ωi




for a total number of k possible events in the considered update. Then, a random
number r is chosen from an uniform distribution r ∈ [0,Ωk] which fixes the transition
to execute in the time interval ∆t = 1/Ωk. With the tower sampling, the simulation
evolves at every update without rejection. This is very efficient as long as the number
of possible transitions is sufficiently small, because once the random number r is cho-
sen, the corresponding transition needs to be identified in the list of Ωi. An efficient
search is key for the efficiency of the tower sampling method. Whether simply going
through the list of Ωi or employing a more advanced search routine, if the number of
possible transitions is too high, the chosen transition cannot be identified with rea-
sonable effort. Since every system update changes the transition rates of at least a
few sites, the list cannot be recycled for further updates.
This algorithm is used for the simulation of the full semi-flexible model for motor-
driven filaments fluctuations, see Chapter 5. There, the number of possible transi-
tions in the system is not greater than twice the system size. Since the system sizes
are in the order of 102, the tower sampling is highly effective.
Gillespie algorithm Another rejection-free method based on the typical waiting
time is the Gillespie Algorithm [145] [146]. Based on the assumption of Poisson dis-
tributed waiting times between two transitions in a stochastic system, the algorithm
provides trajectories that solve the master equation. It is proven that the Gillespie
trajectories are exactly the same as the solutions of the master equation [147]. The
algorithm uses two random numbers, one to evaluate the time step at which the next
transition takes place and another to figure out which transition this is. The time
step τ is drawn from the density function




i ai(t) is the sum of all transition probabilities ai(t) of the system at
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Based on this information, the system is updated and the new probabilities ai(t + τ)
are calculated.
In comparison with the tower sampling method, here the time increment is chosen
randomly instead of being fixed by the sum of all transition probabilities as it is the
case for the tower sampling method. Thus, possible artefacts of time discretisation
are avoided. However, the problem of a sufficiently fast identification of the chosen
action for systems with many degrees of freedom, which has been encountered in the
tower sampling method, still persists. Even if only a small number of possible up-
dates exists and the transition rates are only weakly affected by a performed update,
the algorithm spends a lot of time reevaluating relations such as (4.11). This work
can make the simulation inefficient. For these reasons, the algorithm was developed
further into the next reaction method.
Next reaction method The next reaction method uses a single random number and
reuses, if available, the transition probabilities from previous updates. Consequently,
it is more efficient than the Gillespie algorithm, especially in the case where an update
only affects few transition characteristics. Starting from the waiting times of the pos-
sible transitions, the system is updated deterministically with the process of smallest
waiting time [148]. The waiting time t of an action ai that can be carried out during
the upcoming update is
ti = − 1
ωi
exp(z), (4.12)
where ωi is the transition rate of the considered action and z is a random number
chosen uniformly in the interval [0, 1].
In order to keep track of the waiting times of all possible transitions, a binary heap
is used, see figure 4.6. It stores the indexed priority queue of transitions in the nodes
in such a manner that the process with smallest waiting time stands at the top node.
The other nodes are sorted in such a way that the parent node always stores a process
with smaller waiting time than its two child nodes. Within this tree, the waiting
times along the branches are in partial order, horizontally order does not exist. The
number of a node in the heap is determined from top to bottom and left to right, see
figure 4.6. This sequence indicates the position of an update action in the indexed
priority queue. Obviously, the queue is not ordered regarding the waiting times but
the smallest waiting time always stands in first position.
With this priority queue, the next reaction update is straight forward - the transi-
tion on the top of the heap is carried out. The simulation time is then increased by the
corresponding waiting time of this transition, and the executed action is taken out of
the heap. If the update changes the possible transitions for the next system update,
the corresponding transition rates are reevaluated. These are added to the heap, re-
placing the ones of the old configuration. To perform that change in the heap, the
entry to be taken out is shifted to the end of its branch and replaced by the new one.
When only few transitions change, the heap remains mostly sorted. For sorting, node
entries are pairwise compared to the neighbouring nodes along one branch. An en-
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Heap structure
Indexed Priority queue
Node number 1 2 3 4 5 6 7 8 9 10 11 12
Action ai a6 a12 a1 a9 a8 a10 a5 a3 a7 a11 a2 a4
Execution time ti 2 7 6 12 9 8 17 21 16 ∞ 25 11
Figure 4.6: Heap structure of the ordered priority queue used by the next reaction method.
In the heap the nodes are numbered from top to bottom and left to right. This
sequence indicates the position of an update action in the indexed priority queue.
The nodes are filled by all possible actions ai that may occur during the upcoming
system update. They are sorted in function of the corresponding waiting time ti in
the following way: The action with the smallest waiting time always stands at the
top of the heap in node number one. Along one branch the actions are arranged
in ascending order from top to bottom. Thus, order exists only vertically, not
horizontally on the heap planes. When the heap is translated into the ordered
priority queue, the waiting times are not ordered but the action with smallest
waiting time always stands in first position.
After the update with the smallest waiting time is performed, its action is taken
out of the heap. To do so, it is replaced with the entry of the last node, which
is then deleted. The action that now is first in the heap is shifted downwards
by pairwise comparison of the waiting times of the child nodes until the heap is
ordered again. If the performed update has changed the possible transitions in the
system, the actions in question are inserted into the heap with their corresponding
waiting time. A heap sort algorithm establishes order in the tree structure.
When only few transitions are typically affected by an update, the method of a
priority queue in a heap is a time efficient way to identify the transition to carry
out in the upcoming update.
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try is shifted up, respectively downwards, if the corresponding waiting time of the
surrounding entries are smaller, respectively larger. This can be done with a heapify
function, so that the transition for the next update is at the top of the heap again.
The next reaction method deterministically updates the system with the process of
smallest waiting time. However, it has been proven that it generates the same equilib-
rium distribution as the Metropolis algorithm if the detailed balance condition is ful-
filled [148]. Then, transition probabilities are comparable and the dynamical equiv-
alence makes this waiting time algorithm way more efficient than direct sampling
approaches [149]. The systems studied in this thesis are generally far from equilib-
rium, since they are driven by some active particles. Nevertheless the next reaction
method is employed to simulate the slope model, see Chapter 8. There, no detailed bal-
ance condition exists to be fulfilled and ensures that the next reaction method gives
correct results. For that reason, several tests are performed to carefully control that
the method gives the same results as a tower sampling would do. Furthermore, other
non-equilibrium systems are studied with Gillespie’s method [150–152].
As mentioned above, this method is efficient as long as most of the tree remains
sorted after an update. This is often the case when the update affects only a small part
of the system. Then, the sorting algorithm has to work through few single branches.
Otherwise, if there are too many affected transition rates, the majority of the heap
entries are replaced and the whole tree must be sorted. This limits the efficiency of
this method.
4.4 Chapter summary
The present chapter has given an overview of the state of the art in research regarding
thermal and active biopolymer fluctuations. Furthermore, methods used to simulate
such complex stochastic systems were introduced. Several in silico studies addressed
the bending behaviour of intracellular filaments and used Monte Carlo techniques for
the simulation [124, 133, 153–155]. In particular, the thermal fluctuations of biopoly-
mers are a well studied subject for stochastic modelling in equilibrium. For the most
part, the thermal bending of biopolymers is well understood.
For active fluctuations on the other hand, there are several open questions regard-
ing the bending spectrum and persistence length of microtubules in the living cell.
To present knowledge no model succeeds in bringing together explicitly the poly-
mer physics’ model of worm-like chain with the dynamics of active biological cross-
linkers that induce transversal strain to the polymer.
Inspired by the experimental observations on active deformations of biopolymers
in living cells, a stochastic model for such fluctuations is developed, implemented
and discussed in this thesis. It aims to gain a better understanding of the apparently
"equilibrium" fluctuations of actively driven biopolymers. The following chapter in-




Full semi-flexible model for filament
deformations
5.1 Chapter introduction
In this chapter, polymer physics and biological aspects are merged into a stochastic
model that is able to mimic fluctuations of a biopolymer exposed to driving forces.
More specifically a single microtubule is deformed by molecular motors. The micro-
tubule is modelled as a worm-like chain and, based on the corresponding Hamilto-
nian, its shape is calculated explicitly under the constraints of the motor particles.
Characteristics of molecular motors are employed to model rapid and step-like force
fluctuations, such as those observed in cytoskeletons of living cells. In the follow-
ing, different components of the model are detailed. A background network, the
microtubule, and the active particles. Realistic characteristics are employed for all
components of the model in order to make investigations in the following chapters
comparable to in vivo cell systems.
5.2 The full semi-flexible model
The proposed model for microtubule deformation consists of a semi-flexible poly-
mer which is pinned to attachment sites that impose constraints to the polymer’s
shape. This clamping is caused by motor particles, here unspecific active particles,
that couple the polymer to a static background network. Here, the background net-
works components are referred to as background filaments or filaments while the poly-
mer whose deformations are studied is the microtubule. This differentiation is used
when the full semi-flexible model is introduced. In later chapters, the background
filaments are only considered implicitly.
In this model, the microtubule and the background filaments interact dynamically
via active particles. For simplicity, these are permanently attached to the microtubule
and walk along the filaments of the background network to which they can bind and
unbind. The particle motion induces stress between the microtubule and the back-
ground filaments and causes microtubule deformations. Possible deformation and
configurational changes in the background network are neglected in this model. The
deformations of the microtubule are explicitly modelled and are subject to detailed
investigations.
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5.2. The full semi-flexible model
5.2.1 The background network
In this model, the background network serves as the anchor for active particles on
which they walk progressively while trailing the microtubule as cargo. For simplicity,
this background network is not explicitly modelled1; however, a few hypotheses need
to be taken. As displayed in the model’s sketch in figure 5.1, single background
filaments are arranged vertically and in parallel. They form a dense background
mesh with a mesh density ρmesh and are randomly orientated. Thus, 1/ρmesh is the
typical distance between two background filaments.
Along the microtubule’s contour, potential particle attachment points are junction
sites of the microtubule and background filaments. Since the distance between two
background filaments is set by the mesh size, the smallest possible distance between
two active particles is determined. Microtubule deformation caused by two oppo-
sitely directed closest particles thus happens on the length scale of the background
network’s mesh size. This sets the lower boundary of typical microtubule buckling.
5.2.2 The microtubule
A microtubule of length L is assumed to be initially flat, lie perpendicular to the
background mesh and be closed periodically, see figure 5.1. It is decorated with the
active particles. The background network’s density imposes the maximum number
of attachment sites Nmax to which the particles can be bound.
Microtubules are essentially inextensible and conserve their contour length when
deformed, see section 3.2.1. Under the deformation of active particles the micro-
tubule is deformed vertically and consequently contracts horizontally. The horizon-
tal projection length Lh shrinks below the contour length and the number of available
attachment sites decreases.
Periodicity imposes that the vertical position of the polymer’s beginning and tail
are the same. Thus, the end-to-end vector is always horizontal. This makes micro-
tubule tilt and rotation impossible, and the horizontal projection of the microtubule
length is equal to the end-to-end distance per construction. In the model, the hori-
zontal contraction and the simultaneous conservation of contour length is taken into
account by rescaling the microtubule equally in horizontal and vertical direction. The
underlying mechanism will be explained later in section 5.3. When bent, the number
of available particle attachment sites decreases in proportion to the projected length.
This is modelled by keeping the density of attachment sites constant under micro-









Here, Nmax is the maximal number of attachment sites which are available when the
microtubule is completely flat. The number of available attachment sites of a bent
1Since the background network is not considered explicitly, all notation is relative to the microtubule
in the following descriptions.
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polymer is denoted Navailable and the filament’s horizontally projected length is Lh.
If the filament flat, then L = Lh. As active particles stochastically attach and detach
from the background filaments, the number of bound particles Nbound is typically
below the number of available attachment sites (Nbound ≤ Navailable ≤ Nmax). Only
particles which are actually bound are able to influence the microtubule’s shape.
Modelling of microtubule fluctuations under such constraints claims for a specific
description of the polymer shape. Since the microtubule is a semi-flexible polymer,
it bends smoothly. For that reason, it can be modelled using the Hamiltonian of a
worm-like chain to estimate the bending energy of the contour u(x). Recalling equa-
tion (2.13), the Hamiltonian is here formulated as a function of the horizontal coordi-











where k is the microtubule bending rigidity. The function u(x) determines the micro-
tubule’s shape. It is not known a priori and must be estimated under constraints given
by attached particles while minimising the bending energy. The function has to be
continuously differentiable. That means is continuous in vertical position and slope
on the sites of the bound particles. Additionally, it has to satisfy the particle’s vertical
position constraints as well as global periodicity. The equilibrium shape, where all
forces vanish, allows one to derive an analytical function of the microtubule’s shape.






















is fulfilled. Since the Lagrangian is only dependent on the spacial derivatives of the




For that reason, a cubic polynomial is a natural choice to parameterise the micro-
tubule’s shape. It satisfies the continuity of both the first and the second derivatives
and can be constructed to be periodic. In fact, any function meeting the above criteria
can be used to describe the microtubule’s shape. Based on the cubic polynomial, the
microtubule shape is determined as follows
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Parameter Nomenclature Default simulation value
Microtubule length L 1e−4 m
Background mesh density ρmesh 1e6 m−1
Bending rigidity k 1e−23 Nm2
Particle step size ∆z 1e−8 m
Length of coupling chain l 1e−7 m
Load-free hopping rate p0 1 s−1
Load-free attachment rate ωa 0.05 s−1
Load-free detachment rate ωd0 0.01 s
−1
Detachment force Fd 3e−9 N
Stall force Fs 6e−9 N
Table 5.1: Default simulation parameters for particle-driven fluctuations.
The microtubule contour is decomposed into Nbound segments between Nbound
bound active particles. The segment ui lies between two neighbouring occupied
sites i and i+ 1 and is defined between the horizontal positions xi and xi+1
ui(x) = ai (x− xi)3 + bi (x− xi)2 + ci(x− xi) + di. (5.6)
The parameters ai, bi, ci and di are determined by the segment’s boundary conditions
that ensure the differentiability of the global configuration function. In the bulk, they
read
ui(xi) = zmi , ui(xi+1) = zmi+1 (5.7)
∂xui(xi) = vi, ∂xui(xi+1) = vi+1, (5.8)
where zmi is the vertical position of the microtubule on site i and vi the local slope
in the attachment point. Periodicity is achieved by claiming continuity between the
first and the last segment
uNbound(Lh + x1) = zm1 and ∂xuNbound(Lh + x1) = v1. (5.9)
It is important to understand that the local slopes are not imposed but calculated
via a global analytical optimisation calculus of the bending energy. At the same time,
the parameters ai, bi, ci and di are deduced for every site i. Knowing the single seg-
ment parameters, it is easy to estimate the global bending energy. In a similar way
the local restoring forces which the microtubule opposes to particle movement can be
deduced. Their knowledge is indispensable in order to model the particle dynamics.
A complete derivation of the microtubule’s shape, the restoring forces and the
bending energy is given in appendix A.
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Figure 5.2: Particle attachment to the microtubule in (A) a static and (B) a sliding scenario.
A static coupling would result in diagonal force direction, which can be avoided
if the attachment sites can move within limits along the microtubule contour like
pearls on a string.
5.2.3 The active particles
There is a single type of particles in this model, which is assumed to be permanently
attached to the microtubule. At the points of attachment to the background network,
the particles can bind and form a cross-link. The orientation of the background fil-
ament to which the particle is attached determines the particle’s preferential direc-
tion of motion along the background filament. Particles bound to upwards, respec-
tively downwards, orientated background filaments are in (+), respectively (−), state
and cause constraints that can result in microtubule deformation. Unbound particles
have an internal state (◦) and do not impose a restriction to the microtubule shape.
Since the background network is not explicitly modelled, an active particle binds with
equal probability to background filaments of each orientation.
When bound, particles sit at the vertical position zp and link the microtubule and
a background filament with a short coupling chain of length l. This chain mimics
the morphology of a motor protein’s stalk, see section 3.3.2, and leaves a small void
before the particle clamps the microtubule to the background filament. Consequently,
the vertical position of the particle does not have to be equal to the microtubule’s
vertical position zm but satisfy
|zp − zm| ≤ l. (5.10)
This leaves an interval on every site of bound particles to optimise the microtubule
shape globally. If a particle is unbound, zp is not defined. Attachment to an underly-
ing filament happens in a relaxed position, where zp = zm.
When particles deform the microtubule, the vertical displacement of contour seg-
ments results in a horizontal shift of the particle positions relative to the microtubule.
Since the particle’s points of attachment relative to the background filament are im-
posed, particle forces are no longer vertical. To avoid that, in this model microtubule-
particle attachment sites can freely slide along the contour, see figure 5.2 for illustra-
tion.
The dynamics of the active particles are generally characterised by load dependent
rates. The only exception is the attachment process, since attachment takes place to a
62
5.2. The full semi-flexible model
microtubule whose deformations are carried by the present particles. For that reason,
particle binding happens with force independent attachment rate ωa. The coupling
chain is completely relaxed. When a newly attached particle starts walking along
the background filament, its first steps can be load free, if the other particles do not
change the microtubule’s shape in the meantime. Motion is then load-independent
and happens with hopping rate p0 and step size ∆z. As soon as the coupling chain
is stretched to its maximal length, the particle deforms the microtubule and needs
to withstand the microtubule’s restoring force. The hopping rate is then decreased
if the particle has to work against the restoring force or increased if the particle’s
direction of motion aligns with the restoring force. The load-dependent hopping
rate p depends on the stall force Fs. This force is the maximal load force F that a
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)]
if motion is aligned with the restoring force.
(5.11)
In the extreme case of large forces that are aligned with the direction of motion, the
hopping rate can be increased up to twice the load-free value. However, large forces
decrease the particle’s adhesion to the background filament and the particle can be
ripped off. The load-independent detachment rate, which is motivated by the finite
path length of a molecular motor is given by ωd0 . The restoring force F is rated
in comparison to the maximal load force Fd, which is the force a particle can resist
before been ripped off the background filament. The load-dependent detachment
rate ωd increases exponentially with the restoring microtubule force F [156]





In order to quantify the particle’s ability to induce and maintain microtubule defor-





Weak linkers, characterised by f  1, will quickly stop to deform the microtubule
under hindering load forces. Strong cross-linkers, with f  1, can carry out the
deformation but are not necessarily able to withstand the tension of the self-induced
deformation.
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5.3 Simulation method
Initialisation If not stated otherwise, the simulation of the full semi-flexible model
is performed with the parameters shown in table 5.1. The microtubule is initially flat
and situated perpendicularly to the background filaments. The microtubule length
and the background network’s mesh density determine the number of available at-
tachment sites for active particles to the background filaments. The simulation is
initialised with half of the particles bound to random sites2 with equal probabil-
ity for (+) and (−) orientation. The other half of the particles are unbound and in
state (◦).
Update of the active particles The first few particle updates in the simulation are
typically load free and do not change the microtubule’s shape due to the stretch of the
coupling chain. From the moment on when the first chain reaches its full length, the
microtubule is clamped and deformed. From then on, every particle activity that in-
fluences the microtubule shape, namely hopping or detachment, demands a complex
update process. The simulation is based on the assumption of time scale separation
between particle dynamics and much faster microtubule relaxation. This allows one
to carry out a single particle activity and consecutive instantaneous microtubule re-
laxation. Based on the linker configuration, the microtubule’s optimal shape, that is
the shape that satisfies the linker constraints and minimises the bending energy, is
evaluated and local restoring forces are calculated. With this information the actual
force-dependent transition rates are determined. Using a tower sampling algorithm
the system is updated and a transition is chosen to be carried out.
Update of the microtubule’s shape and coupling chain relaxation Most of the
time, a change in the particle configuration changes the constraints on the micro-
tubule given by the active particles. Consequently, a new optimal shape of the mi-
crotubule needs to be estimated. This is done first by assuming that the vertical po-
sition of the particles and the microtubule are the same. The optimisation routine
determines the microtubule’s shape and the corresponding local forces. The cou-
pling chains are then relaxed in an iterative manner: The local vertical microtubule
positions are successively shifted in the direction of the restoring force within the in-
terval of coupling chain length. Meanwhile, the optimal shape and bending energy
are reevaluated and relaxation iteration steps are accepted if they decrease the global
bending energy. In the end, most coupling chains are fully stretched and the micro-
tubule’s bending energy is minimal within the corridor of chain length on every site.
Note that particle coupling is not local. The semi-flexibility generates a global inter-
dependence that can produce restoring forces that align with the direction of motion
of single particles. The coupling chain is then stretched in the direction of motion of
the particle, and the particle is trailed behind by the microtubule.




Rescaling to conserve the contour length The calculus of the optimal shape does
not conserve the microtubule’s contour length. Since the microtubule is not elastic,
its contour length needs to be readjusted after every configurational change that in-
fluences the microtubule shape. To restore the initial contour length, the system is
equally rescaled in horizontal and vertical direction. When the contour length is ad-
justed, the new horizontal projected length determines the number of available sites
for particle binding to the background network. The excess binding sites are switched
inactive to hinder particle attachment to a background filament. First sites with un-
bound particles are switched inactive until the system fulfils the condition 5.1. If
there are not enough unbound sites to meet that condition, random sites with bound
particles are selected. The particle is detached from the background filament and
potential deformations are relaxed. Then a new microtubule shape is calculated and
optimised.
Spontaneous particle detachment The semi-flexibility can result in a non-trivial
change of the restoring force on all sites after a local particle activity. Any particle
that cannot withstand the restoring force after the whole update and rescaling routine
needs to be detached from the background network. A detachment avalanche is done
iteratively, beginning with the particle that bears the largest restoring force. In the
process the microtubule’s shape is reestimated and the system is rescaled for the next
update procedure.
The numeric calculus of optimal shape and restoring forces demands the solution
of a set of coupled equations in matrix notation that contain information on the cou-
pling of all the bound particles. This is done with the help of the GNU Scientific
Library that uses mathematical routines for a fast solution of linear systems with a
LU-decomposition. The rank of the matrices in the optimisation routine corresponds
to the number of attached particles which does not exceed a few hundreds at maxi-
mum. However, the whole update routine is slow because several shape estimations
are needed: after execution of the chosen action of the update, during the iterative re-
laxation of the coupling chains, for the contour length rescaling, during the iterative
detachment avalanche, and, finally, for force estimation. These forces determine the
transition rates, which are needed for the next system update.
Calculating the solution of a linear system with the GNU library takes aboutO(n3)
operations for general matrices of rank n. In the modelled systems, however, the
calculus is a little faster, since the coupling matrices are nearly tridiagonal. The total
number of shape estimations and the underlying numerical calculus make the simu-
lation of the full semi-flexible model relatively slow. For that reason, simulations of a
microtubule with more than about 200 attached particles are too time consuming for
a detailed study. The aim of modelling, in this thesis, is to study microtubule defor-
mations similar to those occurring in living systems. With respect to that, a realistic
microtubule length and background mesh density motivate the use of microtubules
with 100 attachment sites. This is a manageable system size from the numeric point
of view.
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5.4 Chapter summary
The presented model for microtubule fluctuations under the action of active particles
brings together the complex semi-flexible behaviour of biopolymers and the stochas-
tic force fluctuations induced by molecular motors. Based on nothing but information
on spatial position of bound particles, a routine calculates the optimal shape of the
microtubule with respect to the bending energy. It allows one to explicitly extract
local restoring forces which are used to model the particle dynamics. Mimicking the
microtubule’s reaction on external constraints, this model can be employed to study
the bending behaviour of the biopolymer in various scenarios. Such can be fluctua-
tions under thermal or driven forces.
This full semi-flexible model is developed to address the open question of equilibrium
fluctuations under active deformation. Stochastic simulation results are presented in
the following chapter. Based thereon, a detailed study of the deformation charac-
teristics is performed. The persistence length and the bending spectra are extracted
from the shapes the model microtubule takes during the simulation. Furthermore,
active particles induce a global vertical displacement of the microtubule, which is
investigated in Chapter 7 with respect to possible persistence in the motion.
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Persistence length and bending
spectrum of the full semi-flexible model
6.1 Chapter introduction
The model system of a semi-flexible filament driven by active particles introduced in
the previous chapter is created in order to study the arising filament deformations.1
This chapter focusses on the persistence length as well as on the bending spectrum
and its dependency on the different model parameters. The persistence length char-
acterises the typical length scale of deformations that the active particles are able to
induce when working against the filament’s restoring force.
The persistence length can be estimated from the filament morphology using the
tangent angle correlation method described in the section 2.3.1. Additional informa-
tion about the nature of the filament bending can be deduced from the deformation
spectrum. Based on a cosine decomposition of the filament’s local orientation, the
spectrum provides information about the distribution of bending modes. From this
information, possible equilibrium fluctuation characteristics can be identified, and
in that case, the persistence length follows from a simple fit to that spectrum. The
analysis of the bending modes has been detailed in section 2.3.2.
Since the exact shape of the filament is known from the numerical shape estimation
routine, local orientations can de calculated with arbitrary precision. In the follow-
ing, the persistence length estimation methods from Chapter 2 are adapted to the
simulations of the full semi-flexible model.
6.2 Morphological analysis
For both filament morphology analysis methods, sampling points are set along the
contour line of a simulated filament. The corresponding resolution can be chosen ar-
bitrarily, however, it is suitable to choose a narrow discretisation the more a filament
is deformed. Additionally, the sampling points need to be distributed equidistantly
along the contour.
1Here the terms filament and microtubule are used as synonyms for the explicitly simulated polymer.
The filaments of the background network are specified as background filaments when needed.
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Let a position along the filament’s contour line be denoted as s. Using a constant
discretisation ds, a position sk can be identified for sufficiently small ds by
sk = k ds, k = 0, 1, . . . , N, (6.1)
and the full contour length L = N ds of the filament is accordingly decomposed
into N sampling points. Recall the filament shape function u(x) =
∑
i ui(x) as a se-
quence of third order polynomials introduced in section 5.2.2. Between two attached
particles at the positions xi and xi+1, the segment polynomial ui(x) indicates the fila-
ment shape and it smoothly connects adjacent segments. Since the shape is known as
a function of the spacial coordinate x, a position sk in contour length representation
has to be identified in spacial coordinate x(sk) via path integration. The filament ori-








= 3ai (x(sk)− xi)2 + 2bi (x(sk)− xi) + ci, (6.3)
where ai, bi and ci are the polynomial’s parameters which are determined through
the shape optimisation. With that relation, the local orientation angle is derived with
respect to an horizontal axis. Due to the periodicity of the tangent, the orientation an-
gle needs to be shifted, in some cases, by some multitude of pi to ensure a continuous
curve of the orientation θ as a function of the contour length s. The data (sk, θk) is the
basis for the correlation decay method as well as the cosine decomposition method
for the following persistence length estimation.
6.2.1 Correlation in the filament’s orientation
As described in section 2.3.1, the most straight forward method for the estimation
of the persistence length is the analysis of the correlation decay in the local orienta-
tion along the filament’s contour line. Referring to equation (2.16), the persistence







where 〈.〉sk denotes the average evaluated over all sampling points.
This method can be employed to study the persistence length based on any fila-
ment shape when using a sufficiently small discretisation ds according to the typical
scale of the deformations.
6.2.2 Bending spectrum
From the data of the local orientation as a function of the contour line (sk, θk), the
deformation spectrum, and, if that spectrum has equilibrium characteristics, the
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Assuming equilibrium fluctuations to be the cause of the studied filament deforma-
tions, the equipartition theorem implies that the variance of the deformation ampli-
tudes is linked to the persistence length. Recall equation (2.40)





which is derived in detail in section 2.3.2. The zero-force bending amplitudes a¯(q)
can be neglected for the simulation data since the filament is completely straight in
the absence of applied forces. Equation (2.40) supposes that the persistence length
can only be estimated with this method if the spectrum shows a q−2 behaviour.
Otherwise the tangent angle correlation decay must be used instead.
For the bending spectrum analysis that will be performed in the following, the
filament orientation data is marginally modified. It is convenient to choose θ0 = 0
and measure all following angles relative to θ0. Then, the angular data is artificially
cut in such a way that it ends with a zero-crossing as well. This is necessary in order
to generate a periodic data set that can be reasonably analysed without artefacts by
means of cosine decomposition. The different steps in the bending spectrum analysis
are carefully tested. This is done using test filaments which are generated with
equilibrium-like bending characteristics and a given persistence length. Figure 6.1
illustrates the different steps of the analysis and a consistency check. Caused by
equilibrium properties, the tangent angle function in figure 6.1 B reveals a q−2 spec-
trum as shown in the corresponding figure C. When compared to the expected
deformation spectrum for the given persistence length, a very good agreement is
observed - keeping in mind that the analysis is performed on one single data set only.
The extracted amplitudes do not only fall in the expected range, but clearly show
the q−2 behaviour and give a good estimation of the persistence length. This is highly
remarkable since a single filament configuration is employed. The quality of the
spectrum is further enhanced in later analysis when several filament configurations
are considered. A full consistency check for this single filament is done with the back-
wards cosine transformation. The regained tangent angle data superpose the initial
data set in figure 6.1 D. However, since only the first 100 deformation modes are
considered, the backwards transformation shows not every detail of the original data.
While the cosine spectrum is limited on the upper boundary by the smallest wave
number which is determined by the filament length, the largest considered wave
number is, amongst others, influenced by the resolution ds. In order to get a reliable
cosine spectrum, ds has to be chosen sufficiently small in comparison to the persis-
tence length. The constraint ds/Lp ≤ 1e−3 has been proven to give good results for
realistic microtubule persistence lengths.
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Figure 6.1: Persistence length estimation with the cosine decomposition method for a sin-
gle test filament from a tangent angle distribution with L = Lp = 100µm and a
resolution ds = 1nm. (A) Spatial representation of the test filament by means of
its (x, y)-positions. (B) Tangent angle data as a function of the contour length (s, θ).
The section that is handed over to the cosine decomposition is coloured in red.
(C) Variance of the cosine amplitudes of the test filament for the first n = 100
modes as a function of the wave number and a q−2 spectrum with the expected
persistence length for comparison. (D) Backwards transformation of the cosine










over the initial data set in order to verify the cosine transformation with the given
number of used modes n. For the persistence length analysis in the following sec-
tions the bending spectrum is averaged over a multitude of filament configuration
giving a more precise bending spectrum. Here, the demonstration of the method
is done on a single filament to illustrate the method.
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Parameter Nomenclature Default simulation value
Number of attachment sites N 100
Filament length L 1e−4 m
Persistence length Lp 1e−4 m
Bending rigidity k 1e−23 Nm2
Background mesh density ρmesh 1e6 m−1
Particle step interval δ 3e−8m
Temperature T T = k/(kBLp)
Table 6.1: Default simulation parameters for thermally-driven fluctuations.
6.3 Thermal fluctuations
To test the parametrisation of the full semi-flexible model and the correct implemen-
tation of the bending spectrum analysis, the active particles of the full semi-flexible
model are, for a moment, assumed to work "thermally". For that modification, all in-
teraction sites between the background lattice and the microtubule are permanently
populated by particles which walk and deform the microtubule directly. The cou-
pling chains are discarded. Furthermore the active particles walk with a uniformly
distributed step size ∆z ∈ [−δ, δ] and the system is simulated with the Metropolis
algorithm. After every particle step at time ti, the filament shape and bending energy
is evaluated and compared to the configuration at time ti−1 previous to the move. In
the case of a negative energy difference ∆H = Hti −Hti−1 < 0, the move is automat-










as a function of the temperature T and the Boltzmann constant kB . The system’s






Furthermore, the particle step interval parameter δ has to be adapted to the tempera-
ture in a way that the total acceptance rate of a single particle move, more specifically,
the number of accepted updates with ∆H > 0 per number of all updates, equals ap-
proximatively 1/4.
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Figure 6.2: Bending spectra of thermally-driven filaments with length L = 1e−4m and differ-
ent persistence lengths: stiff filaments with Lp = 1e−2m, semi-flexible filaments
with Lp = 1e−4m and flexible filaments with Lp = 1e−6m. The symbols represent
the measured bending spectra, and the q−2 behaviour is sketched as solid lines
with the corresponding persistence lengths for comparison. The lower bound-
ary of the spectrum q = 2pi/L is indicated with a dashed line, an upper bound-
ary q = 2pi/dmesh with a dash-dotted line.
6.3.1 Numerical data
With the above modifications of the full semi-flexibel model, simulations of thermal
filaments are carried out with the typical system parameters summarised in table 6.1.
The numerical data used for the later analysis originates from Metropolis simulations
of filaments with length L = 100µm and different persistence lengths Lp. Depending
thereon, the particle step interval is adjusted to δ = 3e−9m for stiff filaments with per-
sistence length Lp = 1e−2m, δ = 3e−8m for semi-flexible filaments with Lp = 1e−4m
and δ = 3e−7m for flexible filaments with Lp = 1e−6m. After system relaxation, fila-
ment configuration snapshots are taken with a frequency of 1e−4s−1 during a simula-
tion time of Tsim = 1e6s. In that way, sufficiently uncorrelated data is generated. The
contour resolution of the slope data used for the cosine decomposition is ds = 1nm,
and each bending spectrum is averaged over 1e4 configurations. These stem from
different simulations with the same set of parameters.
6.3.2 Persistence length of thermal fluctuations
To estimate the persistence length, the cosine decomposition routine presented above
is employed. Figure 6.2 provides the deformation spectra for the three different
choices of persistence lengths from thermally-driven filaments. The basic model
generates the equilibrium-like q−2 behaviour with a good estimation of the persis-
tence length in the stiff, that is for Lp = 1e−2m, and semi-flexible regime, where
Lp = 1e
−4m. This is especially the case in the middle range of the considered wave
numbers. The simulation and bending analysis routine return the correct spectrum
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characteristics with the a priori defined persistence lengths, which were used to set
the dynamical rates of the model.
However, deformations in the order of magnitude of the system size at q = 2pi/L,
do not occur with the expected amplitude. This may be caused by the periodicity
of the simulated filament which makes it appear stiffer. In a similar way, deviations
from the expected spectrum are visible in the limit of small wave numbers, proba-
bly due to the background mesh discretisation that imposes a limit to the smallest
wavelength that can developed as a deformation mode. The persistence lengths, that
are calculated from a fit to the q−2 regime, are in good agreement with the persis-
tence lengths which were used initially to set the filament dynamics. Explicit results
are Lp = 1.02e−2m for the stiff and Lp = 1.47e−4m for the semi-flexible filaments.
The basic model, however, reaches its limits in the case of very flexible filaments
with Lp = 1e−6m whose persistence length corresponds to the typical mesh size
of the background network. Even though small wave numbers do not show the
underdeveloped amplitude as for more flexible filaments, the persistence length is
overestimated by approximately a factor ten. An estimation of the persistence length
in this regime is for that reason not reliable.
With this implementation of thermal filament fluctuations, the model is validated
against equilibrium fluctuations and the cosine decomposition is tested sufficiently.
Knowing the limiting factors in the bending spectrum analysis in the case of equilib-
rium fluctuations helps to interpret further findings of driven microtubule behaviour.
6.4 Driven fluctuations
Having validated the persistence length estimation methods and having tested the
semi-flexible model against thermal filament deformations, actively driven fluctu-
ations are studied in the following. Of special interest is the dependency of the
bending spectrum and the persistence length on system parameters such as bend-
ing rigidity, properties of the background network and particle characteristics. The
aim of the simulations and bending analysis is to figure out whether the fluctuation
spectrum shows similar characteristics as the one measured in in vivo experiments of
fluctuating microtubules, and if so in which regime of parameters. The respective ex-
perimental work is published in [7] and the bending spectrum is shown in figure 4.4.
At the end of a detailed study of the relevant parameters, the in vivo and the modelled
spectra are to be compared and discussed.
6.4.1 Numerical data
The filament configurations used to estimate the persistence length of actively de-
formed filaments are generated with stochastic simulations of the full semi-flexible
model. The detailed model setup and simulation method are given in Chapter 5. The
system parameters are summarised in table 5.1 and are used, if not mentioned oth-
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Figure 6.3: (A) Bending spectra and (B) the persistence length as a function of the bending
rigidity k. The spectra are derived from the cosine decomposition of the morpho-
logical data; the persistence length measurements are based on the orientation
correlation decay. Strong deviations from a q−2 spectrum can be observed espe-
cially in the limit of rigid filaments and large wave numbers. The corresponding
persistence length increases with the bending rigidity. However, for low bending
rigidities the persistence length converges. In the case of thermal fluctuations, the
persistence length linearly increases with the bending rigidity, indicated by the
sketched k1.0 behaviour.
erwise. At the beginning of the simulation, the system is given time to relax. Then,
during the simulation time of Tsim = 1e5s, filament configuration snapshots are taken
with a frequency of 1e−3s−1. Actively driven simulations are more time-consuming
than thermally driven, but the configurations evolve faster. So even with shorter run-
times, a set of sufficiently uncorrelated configurations can be generated. The contour
resolution of the configuration data used for the cosine decomposition is ds = 1nm.
Each bending spectrum is averaged over 1e3 configurations of different simulations
with same data sets. In the following, a bending analysis is performed for different
sets of bending rigidities and the active particles’ force, both relative and absolute
force. Furthermore, the background network density which fixes the lower scale of
deformations induced by next-neighbouring particles is be varied.
6.4.2 Influence of the bending rigidity
To investigate the bending spectrum of driven filaments for different bending
rigidities, the cosine decomposition of the morphological data is shown in fig-
ure 6.3 A. For comparison, a q−2 spectrum is sketched and it becomes obvious
that the driven spectra are not equilibrium-like in general. Only for low bending
rigidities, the deformation amplitudes can be roughly approximated as q−2 for small
wave numbers. Deformations with larger wave numbers are underdeveloped in
comparison to the q−2 spectrum. When k is increased, the spectra loft away from q−2
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and towards a higher exponent in q. At the same time, the amplitudes decrease in
average for all wave numbers. That later observation is expected since the filaments
resist deformations better the higher their bending rigidity is chosen.
As the bending spectrum does not show a robust q−2 spectrum, the persistence
length cannot be calculated on that basis. The decay of the orientation correlation
is employed2 and the resulting evolution of the persistence length with varying
bending rigidity is plotted in figure 6.3 B. An increase of the apparent rigidity is ob-
served when the bending rigidity increases. In the regime of rather flexible filaments,
where k ≤ 0.1, the persistence length is only weakly dependent on the bending
rigidity. In that regime, the filaments are most of the time drastically deformed
in relation to their contour length. Consequently, they contract horizontally, so
that few interaction sites with the background network remain accessible; an effect
that limits further deformations and makes the persistence length converge. The
filament’s contour length used for the simulations is L = 100µm and the resulting
ratio Lp/L  1 makes these filaments behave like flexible polymers. Filaments with
a higher bending rigidity k ' 1 exhibit a more pronounced influence of the bending
rigidity on the persistence length. The decrease of the deformation amplitudes as
represented in figure 6.3 A makes the persistence length go up and beyond the
filament length. Hence, the filament behaves like a semi-flexible to rigid polymer.
Focussing on the bending rigidity of microtubules that corresponds to k ≈ 1, the
simulated filaments are found to generate a persistence length in the order 10µm.
This is a realistic finding and will be discussed later on in section 6.4.5.
If pure thermal fluctuations were considered, a linear dependency of the persis-
tence length on the bending rigidity would be expected from equation (2.28). For
comparison, a linear law is sketched in figure 6.3 B, and one observes that the persis-
tence length of driven filaments increases faster.
6.4.3 Influence of the mesh size
As the observation of the converging persistence length of filaments with low bend-
ing rigidity suggests, the number of available interaction sites with the background
network influences the bending behaviour. To investigate that hypothesis, different





are considered. The number of particle attachment sites along the filament’s contour
is kept constant and the filament length is adapted accordingly. Hence, the larger
the mesh size, the longer the filament length used in the simulations. Since a larger
mesh size implies an increased filament length, the corresponding spectrum spans to
2This is equally the case of all following plots of the persistence length in this chapter.
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smaller wave numbers. This is where the q−2 behaviour is observed in the previously
shown spectra in figure 6.3 A.
Figure 6.4 A shows for a given bending rigidity k = 1 the bending spectra for dif-
ferent mesh sizes. If they follow a q−2 behaviour, then that is only the case for very
small wave numbers. For larger wave numbers, they bend away making a measure-
ment of the persistence length via the bending spectrum impossible. Consequently,
the persistence length analysis is carried out later via the orientation correlation. Nev-
ertheless, a certain observation can be made regarding the deformations: The smaller
the typical distance between the background filaments, the lower the bending ampli-
tudes. This equally shows in the orientation correlation and the resulting persistence
lengths in figure 6.4 B. For the considered mesh sizes, the persistence length is rather
insensitive to variations in the lower regime of bending rigidities and increases sig-
nificantly for medium and large values.
In addition, for flexible filaments the persistence length decreases when the typi-
cal distance of binding sites decreases. That is because the mesh size provides the
scale of the shortest possible deformation. On the other hand, for stiff filaments, the
persistence length is higher, the smaller the underlying mesh size. In that case, the
filament resists short-scale buckling which is promoted by small mesh sizes: Next-
neighbour particles are likely to be ripped off since they induce a high local curvature
when walking in opposite directions. Then, the local deformation relaxes and the
filament returns to a relatively flat configuration. Larger mesh sizes separate next-
neighbouring particles further and flatten curvatures, so that with the same bending
rigidity smaller persistence lengths are obtained. Being further apart, the active par-
ticles are able to induce and maintain long and smooth deformations.
The divergence of the persistence length for small mesh sizes and stiff particles is
shown, in another representation, in figure 6.4 C. The apparent rigidity increases for
increasing mesh size in the case of filaments with low rigidity. Moreover, it decreases
for rigid filaments. When the filament rigidity is such that, on scales set by the mesh
sizes, significant deformations are possible, the persistence length increases linearly
with a slope that is independent of the bending rigidity. Figure 6.4 D shows the
corresponding data for the most flexible filaments investigated.
In summary, the filament bending is limited by the ability of the active particles
to induce and withstand a bend that is carried by next-neighbouring and oppositely
orientated particles. If the mesh size is too small or the bending rigidity too high,
the particles detach under the deformational load. Then, only small deformations
occur and the persistence length takes relatively high values. Tuning the particles’
force, as presented in the following, will increase their ability to induce and maintain
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Figure 6.4: (A) Bending spectra for filaments with bending rigidity k = 1 and different back-
ground network mesh sizes dmesh. (B) The persistence lengths are estimated via
the orientation correlation as a function of different bending rigidities and mesh
sizes. (C) The persistence length as a function of the mesh size for different bend-
ing rigidities. (D) The most flexible filaments show a linear dependency of the
persistence length on the mesh size.
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Figure 6.5: (A) Bending spectra and (B) the persistence length as a function of the stall-to-
detachment force ratio f . The spectra are derived from the cosine decomposition
of the morphological data; the persistence length estimation is based on the orien-
tation correlation decay. A variation of the force ratio does not change the bending
spectra towards q−2 behaviour. However, the deformation amplitudes induced by
weak particles f  1 are more prominent than those generated by stronger ones
with f  1. This can also be observed in the persistence length evolution.
6.4.4 Influence of the particle force
Discussing the properties of the active particles, one has to distinguish the stall-to-
detachment force ratio and the absolute value of the forces. First the force ratio of the
particles is varied.
Influence of the stall-to-detachment force ratio. Recalling equation (5.13), the





A weak particle with small f stops advancing under load before it cannot withstand
a self-induced load and risks to be ripped off from the background filament. On the
other hand, a strong particle with large force ratio is not necessarily able to withstand
the self-induced load and easily performs a suicidal step.
Figure 6.5 A reveals that, surprisingly, a filament driven by weak particles experi-
ences larger deformations on all length scales than a filament driven by the reference
particles with f = 2. This is because weak particles posses a rather low stall force
compared to their maximal load force. Consequently, they stop deforming the fila-
ment when bearing critical load and do only rarely perform the last suicidal step. In
comparison to a scenario with strong particles, the density of weak particles on the
filament is typically higher, so that more of them share the load. Since abrupt detach-
ment events, and possible following detachment avalanches of other particles, are
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rare, the fluctuations of the deformations driven by weaker particles evolve slower
in time. Thus, these weak particles have time to cooperate and build significant de-
formations little by little. In terms of the deformation amplitudes as a function of
the wave number, the force ratio does not change the shape of the spectra towards a
better q−2 behaviour.
Strong particles, on the other hand, step forwards regardless of whether they can
bear the arising load or not. Accordingly, they are ripped off the background filament
frequently and cooperation is rarely possible due to the short duration of attachment.
Despite their ability to work against high load forces, the deformations induced by
the strong particles are rather small. Figure 6.5 B shows the significant increase of
the persistence length with increasing force ratio. While the filament stiffens under
the action of strong particles, weak particles reduce the apparent filament rigidity in
comparison to particles with reference stall-to-detachment force ratio of f = 2.
While a low stall and detachment force ratio is favourable to induce a low per-
sistence length, the bending spectra arising from this particle action differ from an
equilibrium-like q−2 behaviour. This effect intensifies when increasing the particle
strength, see figure 6.5 A. Strong particles frequently detach, reattach and only per-
form few deformational steps on a relatively rigid filament. As such, their activ-
ity appears rather random. The resulting local deformations are therefore statisti-
cally more independent than those induced by the weaker particles. Consequently,
a strong particles’ bending spectrum shows equilibrium fluctuation characteristics to
some extent.
Influence of absolute particle force. The second way to vary the particle force is
to scale the stall and detachment force equally by a factor n
Fsn = n Fs and Fdn = n Fd, (6.8)
to make the particles stronger in absolute terms. With this modification, they can
work against a higher load and resist that load before detaching at the same time.
Therewhile, the force ratio is kept constant at the default parameter of f = 2. Nat-
urally, stronger active particles induce larger bends and the deformation amplitudes
increase on all length scales, see figure 6.6 A. Furthermore, the bending spectra have
the tendency to show a more pronounced q−2 behaviour that spans towards smaller
wave numbers, the larger the absolute motor force is chosen. Nevertheless, devi-
ations are visible for very small and very large wave numbers, where deformation
amplitudes are inferior to the expected values in equilibrium. In comparison to the
thermal bending spectra shown in section 6.3, similar deviations were observed and
therefore, these might not be an effect of the active fluctuations but the result of the
periodicity as far as the small wave numbers are concerned.
To be consistent with the persistence length measurements shown previously, here,
the analysis is also performed based on the orientation angle decay. The measure-
ments are plotted in figure 6.6 B: The larger the absolute particle force, the smaller
the induced persistence lengths until finite size limitations are reached. Just as in
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Figure 6.6: (A) Bending spectra and (B) the persistence length as a function of the absolute
particle force n. The spectra are derived from the cosine decomposition of the
morphological data; the persistence length estimation is based on the orientation
correlation decay. A variation of the absolute particle force extends the bending
spectra a little towards q−2 behaviour, but deformation amplitudes of large wave
numbers do differ from the equilibrium-like q−2 behaviour. Particles with a higher
absolute strength are naturally able to induce stronger deformations and make the
persistence length decrease, until the horizontal contraction of the filaments limit
further deformations.
the scenario of very flexible filaments as shown in section 6.4.2, the deformations are
limited by the finite filament length. This is the reason why the persistence length
converges.
Having confidence in the interpretation of various parameters and their influence
on the bending spectrum and the persistence length of actively driven filaments, the
predictions of the full semi-flexible model are compared to the in vivo fluctuations of
microtubules studied experimentally by MacKintosh, Weitz et. al. [7, 13].
6.4.5 Comparison to in vivo fluctuations of intracellular filaments
MacKintosh, Weitz et. al. have measured the bending spectrum of microtubule defor-
mations in vivo. They state a q−2 equilibrium-like behaviour with a persistence length
of approximately 30µm in the regime of wave numbers of some micrometers [7].
Figure 6.7 A shows the ensemble average of the variance 〈a2q〉E of the deformation
amplitude as a function of the wave number. To compare the behaviour of the full
semi-flexible model to these experimental findings, simulations with the explicit
experimentally determined parameters such as the microtubule bending rigidity,
the motor forces, their relative force ratio and the mesh size were performed. The
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Figure 6.7: Bending spectrum of (A) in vivo microtubule fluctuations. Data taken from Brang-
wynne et al. [7]. c©National Academy of Sciences, USA 2007. Originally published
in Proc. Natl. Acad. Sci. 104(41): 16128-16133. (B) Modelled fluctuations for fil-
aments with microtubule bending rigidity k = 1 and different absolute particle
forces n.
The resulting bending spectrum determined by simulations is shown in fig-
ure 6.7 B. It reveals a q−2 spectrum for small wave numbers to which a persistence
length of 26µm can be associated. This is in good agreement with the experimental
observations in vivo, however, in the regime of high wave numbers, the spectrum
bends away from the equilibrium-like behaviour. There, the in vivo data still shows
these q−2 characteristics.
It is surprising that the simulated fluctuations of the full semi-flexible model can
roughly be approximated with an equilibrium-like q−2 spectrum for small wave
numbers at all. Since the system is obviously driven out-of-equilibrium, one would
naively expect an influence of the particles’ activity on the whole spectrum. At least
this shows in most scenarios of the previously discussed simulation data.
The excellent agreement of the persistence length extracted from the q−2 regime
of the simulation data’s spectrum with the experimental findings rises the question
why the in vivo spectrum shows a good q−2 down to short deformation scales. Even
though the data is noisy, it seems that the experimental spectrum bends away to-
wards higher deformational amplitudes. This is not observed in any of the investi-
gated model parameter sets.
With the knowledge of the analytical filament shape, it is possible to consider a
cosine decomposition with different resolutions and the spectrum’s sensitivity to
data discretisation has been carefully tested. Especially in the case of the thermal test
fluctuations, the semi-flexible model and the cosine decomposition have proven to
correctly reproduce the equilibrium spectrum and the persistence length. This was
done for different resolutions from ds = 1µm to ds = 0.1nm and has been presented
in section 6.3. That interval covers the resolution used for the deformation analysis
in experiments, which is 20nm [7]. The experimental data of in vivo filament shapes
81
Chapter 6. Persistence length and bending spectrum of the full semi-flexible model
is obtained by fluorescence microscopy images of microtubules, which are tracked
by image analysis algorithms and are post-processed [7]. Since such data extraction
is never fail-safe, especially when very small structures are to be recognised, one
must judge observations carefully. The relatively high bending amplitudes of in vivo
fluctuations in the regime of large wave number correspond to the smallest detected
deformations. These might be caused by the finite resolution of the microscope. This
is not a limiting factor in the bending spectrum analysis of the simulation data of the
semi-flexible model.
The analysis of the particles’ absolute force has shown that a prolongation of
the q−2 regime can be achieved when choosing more powerful motor particles. Such
a modification can be motivated from a biological point of view by a setup where the
microtubule is multiply cross-linked to the background mesh. That can be the case
for dense networks where several linkers are present or an environment where the
microtubule has grown through a region of densely woven background filaments.
The resulting hard-core confinement is not destroyed when the microtubule fluctu-
ates.It has a strong influence on the microtubule shape when some active processes
deform the cell’s cytoskeleton.
A bending spectrum generated by ten times stronger active linker particles than the
reference ones, that means n = 10, is also shown in figure 6.7 B. The q−2 regime spans
further towards larger wave numbers. However, the trend to bending away towards
smaller deformation amplitudes for the very high wave numbers persists for stronger
particles as well. Furthermore, when choosing a higher particle force, the persistence
length of the filament is decreased and does not match the in vivo measured value.
Finally, the full spectra of both linker strengths are plotted in the inset of fig-
ure 6.7 B. These point out that one has to carefully distinguish the two bending
regimes and ensure a sufficiently high resolution when determining the filament’s
shape. Only then the angular data reveals the full nature of the bending characteris-
tics.
6.5 Chapter conclusion
The analysis of the bending behaviour of the full semi-flexible model has shown that,
besides the influence of the filament’s bending rigidity, properties of the background
network and characteristics of the active linker particles determine the persistence
length of the simulated filament.
In the well studied case of thermal microtubule fluctuations [6, 12], the persistence
length is known to be linearly increasing with the filament’s bending rigidity. An
increase is also observed in the case of driven fluctuations, however it is no longer
linear. The persistence length of filaments with low bending rigidity is shown to
converge since fluctuations are limited by the finite filament size. For stiffer filaments
the typical length scale of deformation increases faster than it would have been the
case for thermal fluctuations.
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The decrease the persistence length of a filament with given bending rigidity is
influenced by factors such as the relative and absolute particle force as well as the
typical mesh size of the background network. While the absolute motor strength,
and consequently its ability of generate and resist higher forces, implies that these
motors are able to induce prominent buckles even on relatively rigid filaments. Thus,
the persistence length decreases with increasing absolute motor force. The effect of
the relative particle force is not trivial: It was a surprise, that weak particles, whose
stall force is larger than their detachment force, are able to generate more pronounced
deformations than stronger ones. This is because they stop advancing when the load
becomes critically high. The motors are not ripped off the filament and spend, in gen-
eral, more time in the bound state than stronger ones. Strong particles often perform
suicidal steps, so that the particle population is turned over frequently. When the
particle dynamics is characterised by a few steps before detachment, the formation
of temporarily stable groups of particles which can work cooperatively is less prob-
able. That short-time corporation is crucial for the weak motor’s ability to decrease
the persistence length more than stronger ones.
Furthermore such a decrease can be achieved by a reduction of the typical distance
of the filaments in the background mesh - however here a differentiation between
different bending rigidities must be made. If a filament is sufficiently flexible to be
deformed on the mesh imposed scales, the persistence length decreases linearly with
decreasing mesh size. This is because two neighbouring particles that perform a step
in opposite direction induce much higher local filament curvature when being rela-
tively close together, than they would if they were further apart. On the other hand,
the opposite observation is made in the case of relatively stiff filaments. If a filament
is too rigid to be deformed on the basis of small mesh sizes, the persistence length
diverges due to insufficient particle force. Only if the mesh size is augmented, neigh-
bouring particles are able to induce and maintain bends and buckles. That explains
why the persistence length decreases with increasing mesh size in the case of higher
bending rigidity.
Regarding the deformation spectra of filaments from simulations with different
system parameters, a variation of the persistence length also shows in the bending
amplitudes. Typically, the smaller the persistence length, the higher the deforma-
tional amplitudes. Of special interest is the parameters’ influence on the spectrum
with respect to the experimentally observed q−2 spectrum. For most parameters
choices, only a poor or no tendency towards a q−2 spectrum is observed. Few sets
of parameters give rise to a satisfactory q−2 behaviour for the very small wave num-
bers. These wave numbers correspond to the long-scale deformations of the filament.
The large wave number deformations, however, differ strongly. Consequently, a sta-
ble equilibrium-like spectrum is not observed for all length scales.
Based on these findings, a list of factors that favour the generation of a q−2
spectrum in the regime of small wave numbers is put together: First, the considered
filament has to be sufficiently long, in order to access the deformation amplitudes
with small wave numbers. Second, a reasonably low bending rigidity needs to be
chosen to give the particles the chance to induce deformations at all. Further facts
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address the active particles: Third, a high stall-to-detachment force ratio makes the
particles advance despite of a high load force, so they detach quickly. That results in
a rather random particle activity, which makes the motor forces, to a certain degree,
uncorrelated in time. And fourth a high absolute particle force is needed.
Finally to compare the simulation results with the experimental in vivo bending
spectrum, the model parameters are chosen to match the characteristics of a mi-
crotubule and microtubule-associated motor proteins. In the range of small wave
numbers, the spectra are similar and reveal a persistence length that is in very good
agreement: Experimentally the persistence length is about 30µm and the simulation
generates deformations on typical length scales of about 26µm.
However, deviations of the two spectra are significant for larger wave numbers,
which correspond to short length deformations. The experimental spectrum is quite
noisy and gives the impression to loft away from a q−2 law towards larger deforma-
tional amplitudes. The exact opposite is seen in the simulated bending spectrum.
There the amplitudes decay and give rise to a different exponent in q. Initial tests
of the analysis routine based on the thermal fluctuations also show a deviation to-
wards lower deformation amplitudes. These arise before the resolution restrictions
become relevant. In the regime of large wave numbers, the data discretisation sets
a theoretical upper boundary to the reliable spectrum. For that reason, the direction
of the deviation is not due to the model dynamics. Since the shape of the simulated
filament can be evaluated with any resolution, the spectrum has been carefully tested
for resolution artefacts. None of these show an increase of amplitudes in the regime
of high wave numbers.
Besides a provenance from the simulation results, the discrepancy of both spectra
may also be caused by some sort of experimental difficulty to track or post-process
the microscopy images of the considered in vivo microtubules. It is commonly known
that the identification of three-dimensional structures that are observed in the two-
dimensional focal plane of a microscope, can give rise to uncertainty in the position
of the objects of interest. Furthermore, the time-resolved in vivo microscopy, as it is
performed by MacKintosh, Weitz et. al., comes along with photobleaching that leads to
changes in the signal intensity. That cause difficulties in filament tracking. Together
these two aspects, the two-dimensional projection of a three-dimensional filament
and the unavoidable photobleaching, limits the quality of the raw microscopy pic-
tures. Even though post-processing can significantly enhance the perceptibility of
structures, the shape estimation of the thin microtubules can still be an issue.
Since the disagreement of the simulated and the experimentally extracted bending
spectrum lies in the regime of short deformation scales, it is likely to be caused by a
limitation in experimental resolution.
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7.1 Chapter introduction
The interaction of the active particles with the filament provokes deformations, as
discussed in Chapter 6, as well as a vertical displacement of the filament itself. De-
pending on the dynamical parameters and especially on the filament’s bending rigid-
ity, the particle’s kinetic energy is transferred directly into filament locomotion or is
stored as potential energy in the filament as bends and buckles. If these are released
due to particle detachment, the bending energy is set free and is translated to filament
motion at a later stage. For this reason, not only the actual particle hopping causes
displacement, and non-trivial stochastic filament dynamics can be observed. The aim
of this chapter is to analyse and classify the vertical filament motion when dragged
by a bunch of active particles.
Following a short theoretical introduction on different types of random motion, the
noise of the driving particles is investigated. If only a single particle type is present
on the filament, it will simply be pulled in the particle’s direction of motion and ex-
hibit minor deformation since the particles do not move synchronously. However, if
both particle species populate the filament, the particles perform a tug-of-war while
deforming and displacing it. Consequently, the relative occupation difference of up-
and downwards hopping particles on the filament is key for drift generation and is
investigated in function of the bending rigidity and the system size. In addition, the
drift velocity measurements with different time resolutions reveal the impact that
a single particle move can have on the global filament position. While the parti-
cles move with discrete step size, the resulting collective filament displacement has
a broad distribution of increments, which are tested for equilibrium characteristics.
This random motion is not only classified under noise aspects but also with regard to
correlations in the long- and short-time behaviour. An evaluation of the dynamical
exponents of the mean square displacement as well as the motion’s standard devia-
tion classifies the fractional motion.
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Independent increments Dependent increments
Finite-variance Brownian motion Fractional Brownian motion
increments α = 2 and γ = 0 α = 2 and γ 6= 0
Infinite-variance Levi motion Fractional Levi motion
increments α 6= 2 and γ = 0 α 6= 2 and γ 6= 0
Table 7.1: Classification of random motion by means of the Joseph exponent α and the Noah
exponent γ. Taken from [158].
7.2 Different types of random motion
Random motion occurs in a wide variety of physical and biological systems. The
most prominent case, the Brownian motion, has already been discussed in section 4.3.
Although stochastic processes are random, they can show typical features such as
a certain distribution of the motion’s increments, correlations and finite or infinite
variance. A good theoretical classification of random motion is given in the review
paper of Eliazar and Shlesinger [158] and is paraphrased in the following passage1.
Depending on the nature of the noise, random motion is classified as Brownian,
respectively Levi motion, if the increments are Gaussian, respectively Levi, distributed
and uncorrelated. Similarly, Fractional Brownian motion, respectively Fractional Levi
motion, is characterised by the corresponding increment distribution and long-range
correlations. More precisely, the classification is done by means of two exponents,
first the Joseph exponent, which indicates the tendency of sudden switches of direction,
and secondly the Noah exponent, which measures the long-range correlation of the
motion. In the following, the definitions of the exponents are derived starting from
the position of a random walker Z(t) at time t and its Fourier transformation.









The noise N(t) is given by random shocks Sk at corresponding times tk and the sin-
gle shocks are generalised with a random variable S. Assuming that the noise is
stationary with independent increments, the random walk’s process-distribution can
be identified as the distribution of its positions. Its Fourier transformation, indicated
in 〈.〉, reads
〈exp(iθZ(t))〉 = exp(−F (θ)t) with t ≥ 0, −∞ < θ <∞, (7.2)
where the Fourier function F (θ) = 1−〈θS〉. Equation (7.2) shows that the position of
the walker can be derived from the Fourier function and the starting position at t = 1.
1Taken from I.I. Eliazar, M.F. Shlesinger, Physics Reports 527 (2013), pp. 110-117.
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While on the microscopic level the motion depends on the single random impulses
originating from the noise, on the macroscopic level, the motion can be characterised
by a power law Fourier function
F (θ) = |θ|α, (7.3)
where α is the Noah exponent. In the special case α = 2, the motion’s position and
increments have a Gaussian probability density function. The underlying motion
is a Brownian motion with finite variance. On the other hand, for 0 < α < 2, the
backward Fourier transformation leads to a Levi distribution with infinite variance
of the increments.
Having characterised the nature of the increment distribution function, the corre-
lation of successive steps can be evaluated via the motion’s dispersion. In the case
of finite increment variance, this simply can be done by evaluating the mean square
displacement. But, as the increments can diverge, an approach inspired by ultra dif-
fusion is more convenient, see [158] for details. A motion is named ultra diffusive if
the Fourier transformation leads to a factorisation
〈exp(iθZ(t))〉 = exp(−F (θ) DZ(t)), (7.4)
with the dispersion function DZ(t). In the case of finite variance σ2Z of the motion’s







As this is true in general, it also holds for the explicit choice ∂2θF (θ)|θ=0 = 1. As




Z(t) = 〈Z(t)2 − 〈Z(t)〉2〉. (7.6)
Accordingly, the motion can be characterised even for a Levi motion with infinite-
variance as the dispersion function is a generalisation of the variance. For a fractional
motion with F (θ) = |θ|α, the dispersion function takes the power law
DZ(t) = cα,γ t
1+γ , (7.7)
where γ is the Joseph exponent. This formulation classifies the motion as diffusive
for a Joseph exponent that equals zero and sub-diffusive, respectively super-diffusive,
for −1 < γ < 0, respectively 0 < γ < α − 1, for the range of Joseph expo-
nent 1 < α ≤ 2. See [158] for a more detailed discussion of the exponent’s domain of
definition.
Having assessed a random motion’s statistics on the basis of its increments and
its variance, the characteristics of the motion’s trajectories give information about
long-range correlation and its self-similarity. Even though a fractional motion is not
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self-similar on the macroscopic scale, its path will be in the transition to larger scales.
There, the power laws in equations (7.3) and (7.7) hold. When scaling the time of the
motion by a factor n and the position by a factor nH , the same pattern arise and the





Depending on the domain of definition of the Noah exponent, given that the Joseph
exponent is 0 < α ≤ 2, the Hurst exponent can take the following values:
0 < H < 1/α : Here the motion is negatively correlated (negative Noah exponent),
leading to sub-linear diffusion and short-range memory.
H = 1/α : The motion is uncorrelated (Noah exponent equals zero) with linear dis-
persion and equally short-range memory.
1/α < H < 1 : Positive correlations (positive Noah exponent) are present and super-
linear dispersion and long-range correlation are observed.
Based on this classification taken from Eliazar and Shlesinger [158], the random mo-
tion of the driven filament in the framework of the full semi-flexible model will be
discussed in the following. For that purpose, the particle noise being the driving pro-
cess of the motion is studied, and the influence of a single particle step on the global
filament position is pointed out. Whilst ensuring the stationarity and independence
of the filament motion’s increments, the mean square displacement and the motion’s
standard deviation are used to point out eventual correlations of the particle-induced
motion. At the same time, this analysis will expose whether the motion is time scale
invariant and therefore fractional.
7.3 Numerical data
The numerical data of filament motion which is analysed in the present chap-
ter stems from stochastic simulations of the full semi-flexible model as presented
in Chapter 5. If not stated otherwise, all system parameters are set according
to table 5.1. Different values for the two main parameters of interest, the sys-
tem size L = 25, 50, 75, 100, 125, 175, 200 and the bending rigidity k = 0.001, 0.01, 0.1,
1, 10, 100, 1000 are chosen to investigate their influence on the filament dynamics.
During a runtime of T = 1e5s, the particle population is recorded with snapshots
and the filament position is tracked with a time discretisation dt. For the investigation
of a single particle’s influence on the vertical filament displacement, the time resolu-
tion is chosen comparable to a typical time period of single particle actions, which is
about dt = 0.01s. For all other analyses, a resolution of dt = 1s is sufficient and chosen
to appropriately handle memory requirements. The vertical filament displacement is
measured in units of particle steps and with a resolution of ∆z = 10nm.
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L = 25L = 50L = 75L = 100L = 125L = 150L = 175L = 200
B
Figure 7.1: Occupation difference ∆ρ on filaments with different (A) bending rigidities k and
length L = 100 and (B) different system sizes L for a bending rigidity k = 1. The
distributions are Gaussian as indicated by the best fits, which are the solid curves.
Whereas the system size exhibits a pronounced influence on the occupation dif-
ference, only a weak impact of the filament rigidity can be observed.
7.4 The origin of the vertical displacement
Prior to the analysis of the motion’s increments and the characteristics of the tra-
jectories, it is interesting to study the particle noise as it is the driving factor of the
filament, respectively microtubule, motion. Every particle bound to a background fil-
ament imposes a constraint to the microtubule position on the respective attachment
site. The global microtubule position and shape is then simply the result of all parti-
cle constraints. In order to track the vertical microtubule displacement when dragged







where N is the number of attachment points to the background network for a flat
configuration. For this evaluation, all sites are taken into account whether or not
the corresponding active particle is bound. Furthermore, the vertical positions of the
microtubule are used, not the position of the active particles. See figure 5.1 for an
illustration of the different vertical positions.
7.4.1 Relative occupation difference
In section 7.2, the random motions are characterised according to the underlying
noise. In the case of the presented full semi-flexible filament model, this is the tug-
of-war particle motion, which does not only deform the filament but induces global
filament motion. Collective kinetics origin from the relative occupation difference,
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which is studied as a function of the filament’s bending rigidity k on the one hand
and the influence of the system size L on the other hand. Let
∆ρ = ρ+ − ρ− (7.10)
be the difference in density of the particles walking in upward (plus), respectively
downward (minus), direction. Here, ρ± is defined as the number of plus or minus
particles per total number of attached particles. The definition based on the particle
density allows one to compare filaments of different rigidities and lengths. Flexible
filaments get heavily deformed and admit less attachment sites than the unbent
stiff ones. Furthermore, the contour length naturally imposes a certain number of
attachment points.
Figure 7.1 A reveals that the occupations are Gaussian for the studied sets of param-
eters. The distributions spread approximately equally for varying bending rigidities,
resulting in a weak respective dependency. Moreover, the contour length L has a cru-
cial impact on the occupation distribution which can be observed in figure 7.1 B. This
is consistent because short filaments have few initial points of interaction with the
background network. The vertical particle-induced deformations in relation to the
contour length are more prominent for short chains than for longer ones. The result-
ing horizontal filament contraction provokes even fewer attachment points with the
background mesh for short filaments. Consequently, on short filaments a small num-
ber of particles is attached and it is more likely to have a large occupation difference,
which can result in a higher filament mobility.
7.4.2 The influence of a single particle
To evaluate a single particle’s influence on the filament drift, it is of interest to
investigate how the particle motion is transmitted to the filament’s position on
short time scales. For that purpose, the trajectory of the filament’s centre of mass is
recorded with very high resolution down to time intervals comparable to particle
hopping.
Velocity histograms reveal the influence of the bending rigidity and the system
size on the filament’s micro-motion. Figure 7.2 A shows the distributions for a given
filament length and various stiffnesses. Here, a bimodal velocity distribution with
an additional zero-velocity peak can be observed. It is interpreted as an upward
or downward shift of the filament’s centre of mass or zero-motion respectively.
The zero-velocity peak is predominant for all sets of parameters and stems from
attachment processes happening in the observation time interval. Furthermore,
some particles are not clamped and do not deform the filament when hopping, and
others cannot perform a step due to high load forces. These three scenarios count for
the zero-velocity peak. The last one explains the increase of the central zero-velocity
peak with increasing filament stiffness.
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Figure 7.2: The influence of a single particle on the filament velocity measured on time scales
of (A,B) dt = 0.01s, which is comparable to a particle step, and (C,D) dt = 0.1s. (A)
For filaments of length L = 100, a bimodal velocity distribution with an additional
zero-velocity peak is observed as response to single particle drag. The influence
of the bending rigidity is such that the more flexible the filament, the more pro-
nounced the secondary velocity peaks. Moreover, the secondary peaks are shifted
inwards towards smaller velocities. However, zero-velocity is predominant for
all rigidities. The best ratio of high secondary velocity and the weight of these
peaks seems to occur in the semi-flexible rigidity regime, where k = 1−10. (B)
Filaments of different lengths and a given bending rigidity k = 1 develop similar
velocities as long as the length is sufficiently small. This points out the relevance
of a single active particle within the collective. The distributions narrow for longer
filaments, indicating a lower secondary filament speed for long filaments. So, the
influence of a single particle decreases. (C) When observed on larger time scales
where several particle actions have occurred, the bimodal distribution with addi-
tional zero-velocity peak vanishes and the filament velocity is unimodal centred
around zero. The more flexible the filament, the earlier the histograms become
Gaussian. When the observation time scale is chosen larger than shown here, stiff
filaments develop normal velocity distributions, too. (D) A similar observation is
made in the length dependent scenario. When the filament length is increased,
there are more bound particles and the smaller the impact of a single particle.
The shorter filaments, therefore, still develop the bimodal velocity distributions,
whereas longer ones already show normal speeds.
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The position of the secondary peak indicates the typical filament drift a particle
induces when successfully stepping forwards under load. Interestingly, the second
peak shifts towards higher velocities and its amplitude decreases as the stiffness
increases. The most pronounced distributions in terms of the height and position of
the secondary peaks are observed in the semi-flexible regime. As flexible filaments
are easily deformable, a particle’s drag induces a bend that slightly deviates the
filament’s centre of mass. Strong filaments however, resist that deformation and
particles are ripped off frequently. Particles then perform suicidal steps under large
restoring forces, which means that they will be detached since they cannot withstand
the force to which they are exposed with the performed step. This phenomenon
is influenced by the stall-to-detachment force ratio. Often, the particle move itself
causes the detachment, but in some cases, one particle performs a step and the long-
range force propagation originating from the semi-flexibility of the filament causes
particle detachment on another site. Typically, bends are released spontaneously and
the filament position changes heavily. Fast filament motion is the result.
These observations reflect the influence of a single particle on the collective, as
can be further seen in figure 7.2 B, where the system size and thus the maximum
number of particles on the filament is varied. For short filaments, the distributions
collapse and broaden by shifting more weight to higher velocities for the reasons just
mentioned.
As the filament length increases, the vertical deformation is smaller in relation to
the contour length. This leads to a lower horizontal compression of the filament, and
as a result, there are more interaction sites with the background network available.
As a consequence, there are disproportionately more particles bound in relation to
shorter filaments, and the load of the deformations is shared between more particles.
With increasing number of bound particles, the influence of a single particle move on
the global position of the filament is reduced and therefore, the secondary peaks are
shifted towards smaller velocities.
These observations are made on short time scales compared to the transition time of
particle actions. When observed on longer time scales, as can be seen in figures 7.2 C
and D, the bimodal velocity structure with an additional zero-velocity peak merges
into a unimodal distribution that becomes Gaussian on even longer time scales. A
strong bending rigidity as well as a small filament length retards this because these
parameters favour a high single particle influence on the filament shift for the men-
tioned reasons.
A comparison with the occupation difference, especially for a varying bending
rigidity, see figures 7.1 A and B, points out how different statically similar particle
populations are translated into a dynamic shift. Especially, when varying the
filament’s bending rigidity, the occupation distribution remains nearly identical, see
figure 7.1 A. However, the filament velocities induced by these particles show strong
differences for different rigidities due to the non-trivial semi-flexible behaviour of
the filament.
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Figure 7.3: Demonstration of the KS-test on the stationarity of the filament motion’s incre-
ments for a filament with L = 100 and k = 1. (A) The increment data as a function
of time is divided into four intervals and binned to (B) cumulated distributions.
The likelihood for a same underlying probability distribution of the increments is
estimated with a KS-test. One states a very good agreement of the curves, and for
that reason the stationarity of the increments can be assumed.
In average, when observed on longer time scales, the driving particle activity seems
to result in global Gaussian filament motion. This is analysed in detail in the follow-
ing sections.
7.5 Filament motion analysis
Having investigated the underlying particle motion and its impact on the resulting
filament motion, this global motion is studied under the aspects of random motion
classification. In section 7.2, criteria for different motions have been detailed. Station-
ary increments are claimed for every type of random motion and are therefore care-
fully checked by means of a Kolmogorov-Smirnov test before studying the nature
of the increments’ distributions. Then, the trajectories’ mean square displacement
and the standard deviation are investigated with regard to a possible time-invariant
self-similarity as well as short- and long-range correlations.
7.5.1 Stationary increments
To test the stationarity of the vertical filament displacement steps, the increments
of single trajectories are calculated via discrete differentiation and are divided into
four intervals of equal length. Figure 7.3 A demonstrates the method on one set of
parameters. For each interval, the data points are binned to a cumulative distribution
on which a Kolmogorov-Smirnov (KS) test is performed in the following [157]. This
test analyses two samples at one time and estimates if the two data sets originated
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from the same distribution. Knowledge of the explicit distribution is not necessary.
Here, the cumulated distribution of the fourth interval is taken as a reference Fref and
is pairwise compared to the distributions of previous intervals. If the increments ∆Z
of the centre of mass’ motion are stationary, the distributions should be the same for
each interval tested.
The three first cumulated distributions F (∆Z) are pairwise compared to the ref-




|F (∆Z)− Fref(∆Z)| (7.11)
of all data points. Here, the distributions possess the number of bins N and Nref.
There are two equal ways to test whether two distributions are drawn from the same
underlying distribution function, which is the null hypothesis. The simplest way is to
set a level of significance , with  typically equal to 0.05. Based thereon, one allows
a probability of  to wrongly reject a correct null hypothesis. The critical absolute









If the maximal absolute difference Dmax is smaller than D, both data sets are said to
originate from the same distribution function with significance . In the case of the
filaments displacement’s increments, the critical deviation is calculated with  = 0.05
for the fourth data set with Nref = 100 bins. Comparing with the other intervals in
figure 7.3 B, the maximal differences are well below the critical value. Thus, one can
assume that the increments are stationary since the null hypothesis is accepted for
all considered intervals.
Another method estimates the probability for the distributions to be the same. It












In terms of these functions, the probability that the two distributions are not the same
is given by
Prob (Dmax) = QKS (wDmax) . (7.15)
For the four cumulated distributions of the filament’s increments, the probability that
the distributions are the same is indicated in the legend of figure 7.3 B. For example,
the analysis of the first and the fourth interval gives
PKS (1 : 4) = 1−QKS (zDmax1) , (7.16)
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and the method gives a probability approximately equal to one that the underlying
distribution is the same. The same procedure is performed on trajectories of filaments
with different lengths and bending rigidities (data not shown) and stationarity can be
consistently concluded from that investigation.
7.5.2 Gaussian increments
Next, the increments are tested to figure out whether or not they are Gaussian,
and if so, on which time scales. Therefore, the trajectories are investigated with
different time resolutions dt = 1s and dt = 100s. Cumulated histograms of the
increments are evaluated as a function of the bending rigidity and the system size.
From the findings in figure 7.2, one expects that the velocity distributions, and so
the increments, are unimodal on these time scales. It has been shown that the more
flexible and longer the filaments, the earlier the imprint of a single particle’s motion
gets lost in the global particle activity.
For dt = 1, however, the increments remarkably differ from a normal distribu-
tion especially in the case of short and flexible filaments, see figures 7.4. There,
correlations can only be neglected beyond a resolution of dt = 100s. A possible
explanation is that the short filaments show these deviations due to finite size effects,
which become more pronounced when the bending rigidity is small. In that case,
the filaments are contracted horizontally due to large deformations. Then, only a
fraction of initial particle binding sites with the background network are available,
and the number of bound particles per unit of contour length is small. Consequently,
deformations are typically carried by single motors and if one of them detaches, the
filament shape and position changes drastically. In the most extreme regime of low
bending rigidity and short filament length, repetitive cycles of filament deformation,
particle detachment and a complete stretch-out to a flat filament shape, reattachment
of motors and new deformations are observed. These events do not result in a
Gaussian increment distribution until the time resolution is chosen rough enough to
average over a multitude of these abrupt dynamics, see figures 7.4 C and D. Then,
the standard deviation of the increments is, within the given accuracy, proportional
to L−0.5.
Concluding the increment analysis, the filament dynamics is not time scale invari-
ant. The semi-flexibility of the filament causes non-equilibrium events that have a
strong impact on the filament morphology and position on short time scales. The
increments are stationary but only admit a Gaussian distribution and thus a Noah
exponent equal to two if the observation time scales are chosen long enough. In the
following mean square displacement analysis, the influence of the (non-)Gaussian
fluctuations on the global filament motion is studied with regard to possible long-
range correlations.
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Figure 7.4: Test of the increments for a Gaussian distribution with a resolution (A, B) dt = 1s
and (C, D) dt = 100s. (A) A filament with L = 100 and different bending rigidi-
ties k shows a Gaussian increment distribution only in the limit of high bending
rigidites. There, the typical increment is weakly dependent on k. Flexible fila-
ments show large deviations from the normal distribution especially. (C) When
observed on longer time scales, the flexible filaments become more Gaussian, too.
(B) Keeping the bending rigidities constant at k = 1, an increasing system size
pushes the increments towards Gaussian increments while reducing the typical
increment length. Long filaments show approximately normal fluctuations on
high resolutions whereas (D) the shorter ones tend to Gaussian ones only when
the observation time scale is significantly increased.
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Figure 7.5: Mean square displacement of vertical filament motion as a function of (A) the
bending rigidity k for filaments with length L = 100 and (B) the system size L for
given bending rigidity k = 1. Dashed lines indicate diffusive and super-diffusive
behaviour. The inset in figure A shows the difference in the mean square displace-
ment of thermal and motor driven fluctuations for a bending rigidity k = 1.
7.5.3 Mean square displacement
The mean square displacement (MSD) is calculated on the basis of trajectory data of
length T and temporal resolution dt = 1s. The vertical position of the filament at a
time t dt is compared to its position at later time t dt + ∆t. The lag time ∆t = m dt
is a multitude of the time increment and is varied for the MSD analysis. For N data














[Zi(t dt+ ∆t)− Zi(t dt)]2 . (7.17)
The relation
MSD (∆t) ∼ ∆tβ (7.18)
allows one to estimate the dynamical exponent β, which is closely related to the
Joseph exponent γ = β − 1, introduced in equation (7.7), and thus to the degree
of diffusivity in the motion. In the case of a simple random walk in two dimen-
sions, one expects naturally MSD (∆t) = 2D∆t, where D is the diffusion constant.
In the case of ballistic motion, the exponent in equation (7.18) is β = 2. In general,
double logarithmic plots reveal the dynamical exponent, as shown in figures 7.5 A
and B, where the MSD is represented for filaments with different bending rigidities
and lengths. In the case of varying bending rigidities, see figure 7.5 A, the flexible fila-
ments exhibit diffusive fluctuations with dynamical exponent β ≈ 0.5 for all window
sizes, meaning that they are invariant on all length scales. As the rigidity increases,
see especially the regime 0.01 ≤ k ≤ 100, the short-time MSD crosses over to super-
diffusive behaviour whereas the long-range MSD remains diffusive. In the extreme
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case of k = 1000, the short-time behaviour becomes diffusion-like. Meanwhile, the
filament’s mobility, which corresponds to the diffusion constant for β = 2, decreases
with increasing bending rigidity. The cross-over observed for the average bending
rigidity is independent of the system size, see figure 7.5 B, and can be located ap-
proximatively at a time scale ∆t ≈ 100s. This corresponds to the resolution on which
increments become relatively Gaussian for all filament lengths as seen in figure 7.4 D.
In addition to that, the inset in figure 7.5 A compares the mean square displace-
ments for thermal and motor driven fluctuations for a given bending rigidity k = 1.
Naturally, the overall displacement induced by thermal fluctuations is much smaller
than the motor driven displacement, and so the curves differ strongly in the ordi-
nate. Thermally driven fluctuations have an exponent 1.0 on all length scales. In
comparison to that, the influence of driven fluctuations is identified in an exponent
larger than one on small length scales.
Aside from the bending rigidity, the system size reduces the filament mobility. As
the occurrence of the short-time super-diffusive behaviour is independent of the sys-
tem size and all other dynamical parameters are fixed, the cross-over must originate
from the bending rigidity and thus from the force propagation along the semi-flexible
filament. The coupling of particles can only be relevant if the bending rigidity is suf-
ficiently high. For that reason, the particles on flexible filaments with k < 0.1 are only
marginally influenced by their neighbours, and the global filament motion is purely
diffusive. If the bending rigidity takes moderate values 0.01 ≤ k ≤ 100, the cou-
pling becomes more relevant and the short-time displacement is significantly super-
diffusive. The typical duration of cooperation is limited by the maximal residence
time of the particles on the filament, which is given by the force-independent detach-
ment rate and corresponds to 1/ωd0 = 100s. That might be a reason why the actively
driven regime is limited to short time scales. The bending rigidity itself imposes a
limit on the particle cooperation if chosen too high because the particles are ripped
off frequently, leaving not enough time for significant particle cooperation. Thus, the
short-time MSD transforms to diffusive behaviour again.
In summary, the global filament motion is diffusive, and the Joseph exponent takes
the value γ = 0 in the long-time behaviour for all sets of parameters. The short-time
behaviour is diffusive if the bending rigidity is too small or too high. Otherwise,
the motion is super-diffusive on short time scales resulting in the Joseph effect with
exponent γ > 0.
The final dynamical analysis on the filament’s trajectories is performed in terms
of the Hurst exponent because in the case of non-Gaussian fluctuations, the Noah
exponent could not be measured with the method discussed in section 7.5.2. Since
the filament motion is scale-dependent regarding the distribution of the increments
and the corresponding mean square displacement, a constant Hurst exponent cannot
be expected except for very long time scales. There, the dynamics become Gaussian
and equation (7.8) serves to validate the previous results.
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Figure 7.6: Standard deviation of vertical filament motion investigated with respect to (A)
the bending rigidity k for a given filament length L = 100 and (B) the system
size L for bending rigidity k = 1. There is no scaling invariance with respect to
time in the motion, and a universal Hurst exponent does not exist. However, the
long-time motion seems uncorrelated whereas the short-time behaviour suggests
strong correlations.
7.5.4 Standard deviation
In order to measure the Hurst exponent, the standard deviation is calculated based on
trajectories Z(t) of the centre of mass with N data points and a resolution of dt = 1s.
A running average over a window of size n is defined as Z˜n(t dt) and is used to
estimate the standard deviation σMA(n) on the moving average over a window of







Z(t dt)− Z˜n(t dt)
]2







The measurements over a window of n data points gives rise to a temporal window
size ∆t = n dt. For fractional motion, the standard deviation is self-similar with
respect to time scaling and follows the power law
σMA = D ∆t
H , (7.20)
where D represents the diffusion constant in the uncorrelated case of random mo-
tion and H is the Hurst exponent. For the particle-driven filament, the analysis of
the standard deviation as a function of bending rigidity and system size is shown in
figures 7.6 A and B. As predicted by the time scale dependency of the mean square
displacement, the standard deviation shows that the motion is not self-similar on
different time scales. Thus, there is no universal power law with a defined Hurst
exponent on all time scales.
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The long-time behaviour of the standard deviation, similar to the MSD analysis,
exhibits relatively uncorrelated motion with an exponent approximately 0.5 whereas
the short-time behaviour has a significantly different dynamical exponent. Similar
to previous findings, the long-time behaviour is independent of the considered fila-
ment stiffnesses. On smaller window sizes, a smooth curvature towards higher cor-
relations is observed. Even though the cross-over is observed for all stiffnesses, the
most prominent deviations are seen in the regime 1 ≤ k ≤ 100 in figure 7.6 A. Again,
this is probably due to a favourable force propagation along semi-flexible filaments
as discussed in the previous section. Despite the undefined exponent, the trend sug-
gests strong positive correlations for the semi-flexible bending rigidity on short time
scales. These correlations lead to filament motion that is faster than diffusion.
As the filament mobility decreases with increasing stiffness, the extreme case
where k = 1000 resembles rather uncorrelated motion as the particles are not able
to induce any significant drift. This is also observed in the mean square displacement
studies. In addition, the filament length seems to have no other impact than a de-
crease in mobility as the system size increases, see figure 7.6 B, and does not change
the correlation properties.
From figures 7.6 A and B, one can roughly estimate that on time scales longer
than 103s the motion is diffusive for all sets of considered parameters. Referring to
equation (7.8), it is not surprising that the Hurst exponent is not uniquely defined for
all time scales: The increments have been shown to be non-Gaussian, and the mean
square displacement has proven to depend susceptibly on time, when measured on
short time scales. Thus, the Joseph and Noah exponents are not well-defined and
consequently the Hurst exponent is neither. At least in the limit of long observa-
tion times, the Noah exponent and the Joseph exponent tend to the expected values
for Gaussian and uncorrelated motion. The Hurst exponent proves the convergence
right by taking the value 0.5 as expected for uncorrelated motion.
7.6 Chapter conclusion
In this chapter, the vertical filament displacement generated by the particle’s activity
is studied. Tracking the motion of the filament’s centre of mass, the influence of
the relative particle occupation difference and the impact of a single particle move
on the global filament position has been investigated. Short and especially semi-
flexible filaments show a pronounced bimodal velocity distribution when observed
on time scales comparable to the particle activity. On larger time scales, however,
the influence of the single particle disappears in the noise of a multitude of particle
actions, and the velocity distributions become Gaussian.
Having discussed the microscopic origin of the global filament shift, the motion
has been analysed in the framework of random motion classification after Eliazar and
Shlesinger [158]. The motion’s increments were tested for stationarity and Gaussian
distribution, which is the case for longer observation intervals.
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The more flexible and shorter a filament, the longer correlations in time persist.
Only on very long time scales compared to a single particle hopping, equilibrium-
like increments with finite variance are observed. Then, the increments are Gaussian,
which manifests in a Joseph exponent α = 2.
Furthermore, the analysis of the trajectories’ mean square displacement and stan-
dard deviation have led to the conclusion that on long time scales the motion is
always diffusive and uncorrelated for all considered bending rigidities and system
sizes. Consequently, there, the Noah exponent is γ = 0 and the Hurst exponent takes
the value H = 0.5. On short scales, the motion can also be diffusive. This is the
case for very flexible filaments, where particles are only marginally coupled due to
the low bending rigidity of the filament. However, the behaviour of stiffer filaments
significantly differs. A higher bending energy induces finite correlations in time and
space, resulting in super-diffusive filament motion on short scales. For semi-flexible
filaments, a cross-over from super-diffusion motion on short scales to diffusion on
long scales is observed independent of the system size. The characteristic time of
cross-over is about 100s. Consequently, the motion is not time scale invariant, nor
has Gaussian increments in general. A classification in terms of dynamical exponents
is not possible, except for long time scales, where the filament performs simple ran-
dom motion.
With these observations, the interplay of the particles and the filament has
been proven to generate an interesting out-of-equilibrium effect on the filament’s
trajectories on short to intermediate time scales. The characteristics of a driven,
super-diffusive and partly correlated motion on scales which correspond to the
typical force-independent detachment rate in the simulations have been detected.
In the living cell, however, large vertical displacements are not observed, because
the environment is crowded by viscous cytoplasm, other filaments, organelles and
many other obstacles. As a filament grows, it finds its way through this matrix and is
therefore anchored and can only be displaced within limits. Force transmission from
linkers and other active agents will therefore result rather in deformation than in the
displacement of the whole filament.
In vitro experiments on the other hand report a complex interplay of active agents
and cytoskeletal filaments in different gliding assays [160–162]. There, the displace-
ment of a microtubule on a surface decorated with molecular proteins is studied.
When the motor proteins walk along the microtubule, they induce filament shift be-
cause the motors are permanently bound to the surface. Different setups have shown
filament transport by motor proteins in gliding assays and complex displacement
patterns such as the formation of loops and vortices [163, 164].
In these experimental setups, the motor proteins are randomly distributed and do
not exert forces in a specific direction as it is the case in the full semi-flexible model.
In addition, the formation of microtubule patterns is usually linked to a crowded
environment, where steric interactions as well as the motor forces are responsible for
filament deformations.
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At the present state, in vitro experiments with molecular motors pulling per-
pendicularly on a single filament in a dilute environment, as it is the case in the
present model, have not been published. Based on the theoretical study of the full
semi-flexible model, for that reason, the following in vitro experiment is suggested:
A number of filaments are permanently fixed to a surface. These surface filaments
can be, for example, microtubules and should be randomly orientated, but be aligned
in direction. The surface is then put into a solution, and a single unbound micro-
tubule is added. This microtubule can diffuse freely in the absence of motor proteins.
In order to achieve coupling of the microtubule to the surface filaments, motor pro-
teins such as the bipolar mitotic kinesin Eg5 [165] can be used. The microtubule needs
to be kept perpendicular to the background filaments until some motor proteins es-
tablish cross-links. Then, this initial constant is eliminated and one expects that the
microtubule is deformed and displaced perpendicular to its main axis. Varying the
ATP concentration, the motor activity can be tuned, and depending on the filament
length and the typical distance of the surface filaments one might observe a different
fluctuation behaviour as predicted by the full semi-flexible model.
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8.1 Chapter introduction
In earlier chapters a model for a semi-flexible filament agitated by active particles has
been studied. It has been observed that the particles can induce filament deformation
as well as a global vertical shift of the filament’s centre of mass. In the global filament
shift, a strong correlation in the short time scale displacement was found for certain
sets of parameters, which results in super-diffusive filament motion. The previous
study of the particle-induced filament motion was rather descriptive, and a key
question remains open: How do the parameters need to be chosen in order to induce
a long-time persistence motion of the filament?
The full semi-flexible model tries to mimic filament fluctuations as observed in the
living cell. For that reason, a broad number of parameters has been used, which
makes it rather difficult to point out the crucial factors for a persistent filament drift.
The work presented in this chapter aims to develop a more condensed and analyt-
ically tractable formulation. Instead of the semi-flexible filament, a drastically sim-
plified chain of stiff slopes is used. This slope model is introduced in the first part of
the present chapter and its properties are explored briefly with Monte Carlo simu-
lations. A following study in the framework of mean field approximation identifies
different regimes of motion and points out the importance of single model parame-
ters. To this end, different approaches of decoupled and differently coupled particles
are taken into account, which lead to quite different conclusions. In order to evaluate
the findings, the mean field predictions are compared to stochastic simulations of the
presented model.
8.2 The slope model
The slope model is based on a one-dimensional lattice, or chain, of N sites that are
permanently populated by one motor per site. The chain consists of stiff slopes with
constant length and represents the studied microtubule. In figure 8.1, the analogy
of the full semi-flexible model and the slope model is illustrated. The continuous
contour line is approximated by the slopes, that take the states up (/) or down (\).
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Figure 8.1: Basic slope model and the analogy to the full semi-flexible model. (A) The
full semi-flexible model of a filament is shown with the basic particle dynam-
ics. (B) These dynamics inspire the slope model, where the semi-flexible filament
is modelled as a one-dimensional chain of stiff slope segments. The active par-
ticles are permanently bound to the junctions of the slopes. The slopes impose
constraints on the motor motion and generate hard-core coupling of the particles.
The active particles walk vertically in up- or downward direction depending on
their internal state if the local slope configuration is favourable or switch direction
otherwise.
The effect of the non-local forces that arise from the semi-flexibility of the full
model is included in the particle dynamics. Particle hopping is only possible if
the local slope configuration allows a deformation in the direction of motion. This
is similar to the effect of the stall force on particle hopping. The influence of a
large restoring force on the particle detachment in the full model is translated to
a switching rate that depends on the internal states of the neighbouring particles.
Since the particles are permanently bound in the slope model, the detachment and
attachment process in the full model are merged to a switch of the particles’ state.
If both neighbours are in the opposite state, it is likely that the particle carries
a deflection on its own. Consequently, it bears a large restoring force and the
probability that it detaches due to the load is high, see (A). In the slope model,
the particles switch state easily. A switch into a symmetric particle configuration
such as +−+→ +++ is favoured while switching out of an ordered configuration
such as + + +→ +−+ is punished.
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Similar to the full semi-flexible model, the chain is closed periodically. The particle
sites are the junctions which connect two slopes. With this construction, a hard-core
coupling of next-neighbour particles is achieved due to the slope in between. At
the same time, the stiff nature of the chain segments ensures the conservation of
the contour length. The fully relaxed state of this chain is a saw-tooth pattern.
A completely flat configuration, such as the straight semi-flexible filament in the
absence of applied forces, as seen in the previous model cannot be achieved here
due to the stiffness of the slopes and a fixed horizontal site position. However, if the
middle positions of the slopes are considered as positions of a semi-flexible filament,
the saw-tooth is transformed to a flat configuration. The following illustrations
show two configurations for the slope chain, represented in grey, and a semi-flexible
filament, represented in green:
First, the saw-tooth pattern of the slope chain is translated to a relaxed semi-flexible
filament. Second, when the slope chain is deformed by particle activity, the corre-
sponding semi-flexible configuration is also deformed. This analogy is only taken to
define the ground state configuration. The dynamics of the active particles that arise
from such a deformed configuration are motivated later.
The particles in the slope model depict the molecular motors. Similar to the semi-
flexible model, they posses an internal state, which is denoted as plus (+) or minus (−)
and indicates their direction of motion. Being bound to the chain, they walk vertically
in up- or downward direction depending on their internal state. In the slope model,
the particles are permanently bound to the chain and cannot detach but switch their
internal state. The particle activity drives the model. Analogously to the full semi-
flexible model in Chapter 5, the particle dynamics are influenced by the character-
istics of the surrounding configuration. These characteristics are the local filament
shape and the state of the neighbouring motors. In that model, a motor would take a
step forward and deform the filament if the force it has to withstand after the move
is sufficiently small compared to its stall force and the maximal load force. This is
typically the case if the restoring filament force is small. That corresponds to a rather
flexible filament with low rigidity or a local configuration where the stall force points
in the same direction as the particle’s direction of motion. In the slope model, particle
hopping can take place, for example, if an upwards (downwards) walking particle
sits at a downwards (upwards) pointing inflection. Hopping is not allowed in all
other configurations due to the stiff nature of the slopes:
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In the full semi-flexible model, the active particles can detach and attach to the fila-
ment both spontaneously and caused by the restoring force of the particle-induced
filament deformations. For typical filament and particle characteristics, the force-
induced detachment occurs more frequently in the full semi-flexible model than
spontaneous unbinding. For that reason, spontaneous unbinding processes are ne-
glected in the slope model, and the force-induced detachment is translated as follows:
o
Suppose that in the full model a configuration occurs where a negative particle, for
example, is surrounded by only positive particles. It is then likely that the filament is
smoothly deformed by the positive particles while the single negative induces a local
downwards pointing dent, see figure 8.1 A for illustration. Consequently the positive
particles share the load of the smooth deformations and the negative is heavily bur-
dened by the high semi-flexible force that results from the strong local curvature. The
high load force on the negative particle decreases drastically its affinity to the filament
and it probably detaches. The free binding site is later taken by another particle. This
is the scenario in the full model. In the slope model the particles are permanently
bound, and, for that reason, the detachment and attachment process are merged to
a switch of the particles state. As spontaneous switching is neglected and high load
forces typically occur in a configuration where a single particle carries a deformation,
switching is only allowed if a negative (positive) particle sits at a downwards (up-
wards) pointing slope inflection.
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From the point of view of particle mobility, switching is only possible if the particle
cannot step forwards due to its internal state. Particles that are immobile due to the
configuration of neighbouring slopes are not able to switch. This is, for example, the
case when a particle sits in a larger structure of same slopes, which is called a flank in
the following.
Particles that are able to step forwards are called unblocked. All others are blocked.
Since the dynamics of the particles depend on the neighbourhood configuration of
slopes and particle states, the following list gives an overview of the possible local
configurations. The corresponding transitions are given in table 8.1.
Unblocked configurations
and
An unblocked particle can step in the direction of
its internal state because the constraints imposed
by neighbouring slopes allow that movement. The
hopping rate for that process is h.
Blocked configuration due to
the particle’s internal state
and
Having stepped forwards from an unblocked state,
particles are hindered from performing further
steps due to the slope coupling. In that case switch-
ing the internal particle state happens with rate s.
Blocked configuration due to
the slope configuration
and
When the neighbouring slopes take the same state
and form a flank, the active particle itself cannot
move until one of its neighbours steps forwards.
These configurations are blocked independent of
the internal particle state.
The switching process only takes place if the particle is blocked due to its own in-
ternal state. The rate of switching depends on the internal state of next-neighbour
particles. As explained above, in the full semi-flexible model a single particle in
a neighbourhood of oppositely directed particles has an elevated probability to be
ousted because of the load force. That observation motivates the following definition
of switching rates as a function of the surrounding particle configuration.
In the case of a mixed particle configuration, i.e. (+ + −) or (− + +), switching
happens with rate
smix = p, (8.1)
where p is called the unbiased switching rate. If both neighbouring particles are in
opposite state, that means (+ − +) or (− + −), the switching rate is increased by an
asymmetry factor q > 1 to
sopp = p q. (8.2)
In the other case, where the direct neighbours take the same state, i.e. (+ + +) or
(−−−), the switching rate is decreased to
ssame = p/q. (8.3)
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Table 8.1: Basic slope model configurations, dynamics and transition rates.
The parameter q can therefore be interpreted as a driving force towards a globally
ordered particle configuration. For convenience,
κ = h/p (8.4)
defines the hopping-to-switching ratio, which gives an indication of the time scale sep-
aration of these processes. For small κ the hopping process is much slower than the
unbiased switching. One can interpret this regime as to have high level of noise since
unbiased switching dominates any ordering tendencies. An ordered configuration
is distorted by multiple switching processes before the particle hopping translates
the ordered configuration into a vertical chain shift. Large κ in contrast, makes
unblocked motors walk forwards rapidly and thereby clear blocked neighbouring
configurations before a switch changes the particle state configuration. Analogously
to the thermal noise, the switching noise can be interpreted as a temperature.
It is important to notice the uniqueness of the possible transition per site at a given
moment. The model is constructed in a way that at a given site of the chain either
hopping or switching can take place. That makes the stochastic simulation of this
model extremely simple. Table 8.1 gives a summary of configurations, the possible
actions and the definition of the corresponding rates that are used in the following
simulations.
8.3 Simulations I
The model introduced in the previous section aims to investigate whether the
particle states on the chain are ordered and if so in which regime of parameters. The
particles cooperate and induce a significant global vertical chain drift. Otherwise, the
active particles work against each other and induce large deformations of the chain
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and uncoordinated random motion. Before investigating the model analytically, it
is convenient to first explore the behaviour of the driven chain with Monte Carlo
simulation.
The chain is initialised in a sawtooth pattern with alternating (+) and (−) particles.
In that way, an equal density of particle and slope species is achieved, and periodic
boundary conditions are respected. During the simulation, the system is monitored
with information about every site si of the chain. The motor’s state and next neigh-
bour slope configurations are tracked since they uniquely determine the transition to
be carried out in the case of an update of this site.
It is convenient to run the simulation with a rejection-less next-reaction algorithm
based on the sites’ waiting time. To do so, the transition time τi of every possible
action is calculated on the basis of the surrounding configuration, see table 8.1 for
the transition rates. For sites blocked due to the slope configuration, the waiting time
is set to infinity. The waiting time algorithm described in section 4.3.2 is employed.
It stores an ordered priority queue of the waiting times of all possible transitions of
the system and updates the system successively with the process of smallest waiting
time. With this method, the simulation time jumps from one action to another and
rejected updates are avoided.
Every particle’s switching or hopping changes the configuration of slopes or par-
ticle state of actual site and its next-neighbours. Consequently, the transition rates
and the transition times need to be updated. All other rates remain unchanged. It is
sufficient to update the transition times of the three affected sites and position them
correctly in the priority list. A heap sort algorithm is convenient for that purpose, see
section 4.3.2 for details. In the following, the update routine is roughly illustrated. A
chain ofN sites is in a given configuration at a time t and the priority list of upcoming
transitions is sorted. The following steps are carried out for an update:
1. choose site sk with smallest waiting time which is
{sk | τk(t) = min τi(t), i = 1, . . . , N}
2. carry out the update on site sk
3. set simulation time to t′ = t+ τk(t)
4. evaluate new transition time τ(t′) on the site sk and on the neighbouring
sites sk±1
5. replace the waiting times τk(t′) and τk±1(t′) in the heap, sort it and repeat the
update with point 1.
Due to the large number of sites in the system and the locality of an update, the pri-
ority list of waiting times remains mostly sorted during the update procedure. This
makes the rejection-less next-reaction algorithm efficient and the sorting procedure
of the priority list fast.
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Figure 8.2: (A) Chain’s centre of mass and its vertical displacement (B) When the vertical dis-
placement is tracked over time, the resulting trajectories give information about
the chain’s mobility. Based thereon, a qualitative conclusion on the distribution of
states of the particles on the chain can be drawn.
8.3.1 Numerical data
The numerical data shown in this chapter is generated with stochastic simulations of
particle-driven chains of different lengths and consequently with different numbers
of particles on the chain N = 200, 600 and 1000. The typical run time is T = 1e8s.
Due to periodic boundary conditions, the density of up and down-slopes is fixed to
ρ/ = ρ \ = 0.5 (8.5)
per construction of the model. The density of particle species is initialised with
ρ+ = ρ− = 0.5 (8.6)
and varies during the simulation. The dynamical parameters are given by a con-
stant hopping rate h = 1, a variation of the hopping-to-switching ratio κ ∈ [1, 100]
and the asymmetry parameter q ∈ [1, .., 1000]. To investigate the chain’s dynamics,
the trajectories, the system’s magnetisation and the current are recorded during the
simulation. These observables are defined in section 8.3.5.
8.3.2 Trajectories
To investigate the ordering of the particle states, a first qualitative analysis of the
dynamics can be made on the chain’s vertical displacement as a function of time.
When a complete order of particle states exists, for example, a chain purely occupied
by (+) particles, the chain is dragged by the particles and flows freely in vertical
direction. On the other hand, if both particle types are present with similar density,
the chain simply fluctuates, and the vertical position of its centre of mass remains
mainly unchanged. The definition of the chain’s centre of mass and the measurement
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Figure 8.3: Trajectories of the vertical chain drift of a chain with N = 1000 sites. An overview
is given for different pairs of hopping-to-switching ratios κ and asymmetry pa-
rameters q. (A, B, C, D, G) The motors are not able to induce a significant fila-
ment shift if q = 1 and/or κ = 1. However, small fluctuations are observable for
all cases, as shown in the inset in (A). (E, F, H) As q and κ increase, displacements
become visible and get more and more persistent. (I) For large q and κ, the tra-
jectories are composed of sections where the chain drifts upwards or downwards
with maximal current and interspersed pauses. This is the free flowing phase.
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of the chain’s vertical displacement, or drift, is illustrated in figure 8.2 A. A set of
chain trajectories is shown in part B of the same figure.
Fundamental differences in the system’s behaviour are visible for different choices
of the hopping-to-switching ratio κ and asymmetry parameter q. These are sum-
marised in figure 8.3.
In the absence of the driving force q = 1, which aims to establish an order in the
particle states, the chain fluctuates around its initial position in an uncoordinated
random walk. The resulting vertical displacement is negligible on larger scale. This
behaviour exists for any choice of the hopping-to-switching ratio κ, see figure 8.3 A,
B and C.
Same can be observed in the case of κ = 1, when there is no time scale separation
between the hopping and the unbiased switching process, see figure 8.3 A, D and G.
Independently of the switching bias, the vertical displacement is approximately zero.
Even though a switching bias establishes locally ordered particle states, the order is
not translated into a significant chain displacement. This is because unbiased switch-
ing often destroys the particle state order by random switching before the particles
can step forwards. Consequently, state order is not converted into chain drift.
If both parameters q and κ take values greater than one, the chain displacement
becomes visible and more and more pronounced, see figure 8.3 E, F and H. The mo-
tion is still similar to a random walk, but the persistence in the drift can be increased
by increasing the hopping-to-switching ratio and the asymmetry parameter further.
In figure 8.3 I, the chain reaches unidirectional motion with few interspersed pauses
and changes in direction over longer time intervals. Such behaviour is called the free
flowing phase in the following.
In summary, asymmetric switching rates, that means q > 1, as well as a sufficiently
high hopping-to-switching ratio κ are necessary to induce a significant global chain
displacement.
8.3.3 Increments
The increments of the chain’s vertical motion are tested for stationarity and Gaussian
distribution. For small and moderate asymmetry parameters, i.e. 1 < q ≤ 20, the
increments are found to be stationary for all hopping-to-switching ratios κ. In the
case q = 50, the chain is in the freely flowing phase, as seen in figure 8.3 I. There,
a clear difference is found between maximal increments in the phases of persistent
motion and an approximately zero average increment in the case of the interspersed




8.3.4 Mean square displacement
To characterise the chain’s motion and judge whether it is a random walk or not,
the mean square displacement of the chain’s centre of mass is analysed. It is calcu-
lated according to relation (7.17) and plotted as a function of the observation window
size ∆t
MSD(∆t) ∼ ∆tβ. (8.7)
In the undriven system, where q = 1, the motion is diffusive for every choice of
the hopping-to-switching ratio since the exponent β above is approximately one, see
figure 8.4 A. From the y-intercept, the diffusion constant can be deduced. The larger
the hopping-to-switching ratio, the larger the diffusion constant. This is because the
hopping process is faster than the unbiased switching and more hopping events make
the chain’s mobility increase, even if the hopping is uncoordinated.
For driven systems, the chain motion becomes super-diffusive since β > 1. This
tendency is the more pronounced the higher the hopping-to-switching ratio, see fig-
ure 8.4 B and C. In the extreme regime of q = 50 and κ = 30, the freely flowing phase
observed in the trajectories in figure 8.3 I translates to a nearly deterministic motion
that persists up to long time scales.
In the absence of time scale separation (κ = 1), the long-time behaviour of driven
systems remains relatively diffusive, whereas on short scales the mean square dis-
placement is slightly larger than one. This cross-over is shifted towards larger times
when the asymmetry parameter increases. There, the unbiased switching, whose
rate is determined by κ, becomes less and less important in relation to the q-driven
switching.
Comparing the measured mean square displacements of the slope model with
those of the full semi-flexible model, similarities can be found when considering the
analogy of the asymmetry parameter q and the bending rigidity k. Both parame-
ters characterise the coupling strength of neighbouring particles. While the bending
rigidity implicitly favours the formation of locally ordered particle states through
force propagation along the filament, the asymmetry parameter of the slope model
directly favours particle switching into an ordered particle configuration. This short-
range ordering can translate to a super-diffusive motion of the chain, respectively the
filament, on short time scales, if these parameters are chosen strong enough, confer
figure 7.5 A and figures 8.4. On the other hand, a low particle coupling results in a
random motion on all time scales.
8.3.5 Magnetisation and current
Having characterised the global chain motion for different sets of parameters, the
origin of a super-diffusive motion should be investigated in more detail. For that
purpose, the degree of order in the particle states along the chain is one source of
information that can be used. Furthermore, the vertical particle current can be mea-
sured by counting the number of hopping transitions in upwards and downwards
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Figure 8.4: Mean square displacement of the vertical drift of a chain with N = 1000 sites.
Curves for different hopping-to-switching ratios κ are shown in a plot for a given
asymmetry parameter q. (A) Undriven system with q = 1. Driven systems with
(B) q = 20 and (C) q = 50. Whereas the undriven chain naturally shows diffu-
sive behaviour, the driven chains move super-diffusively when κ is chosen high
enough. A high asymmetry factor favours particle state ordering, and, just as a
high bending rigidity of the semi-flexible model, provokes that deformations are
carried by several particles with equal orientation. For high q as well as for a high
bending rigidity k, super-diffusive motion is found especially in the short-time
behaviour, confer figure 7.5 A.
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Figure 8.5: Semi-logarithmic histograms of (A) the normalised magnetisation and (B) the cur-
rent distribution for a chain with N = 600 sites, asymmetry parameter q = 10 and
different hopping-to-switching ratios κ. For small κ, the magnetisation and the
current are Gaussian with a small spread, but as κ takes bigger values, configura-
tions with a single species of motors dominate and induce the secondary current
peaks of the free flowing phase. When these peaks appear, the chain’s motion is
typically super-diffusive even on long time scales. However, there is a non-zero
fraction of weakly ordered configurations with little current, which are caused by
situations illustrated in figure 8.6.
direction. To quantify the chain’s configuration, the order parameter magnetisation
is defined as the normalised occupation difference of upwards and downwards di-
rected particles. In terms of particle state densities, it reads
m = ρ+ − ρ−, (8.8)
where ρ+ and ρ− denote the density of particles in plus, respectively minus, state.
Every time a particle steps forwards, it induces a vertical flux while changing the
local slope configuration. The average particle current in upwards or downwards di-





The total particle current
Jtot = J+ − J− (8.10)
is a good indicator if an ordered motor configuration is able to induce a global fila-
ment shift. Due to the periodic boundary condition, the maximal current is one fourth
in the free flowing phase, where a single motor type drags the chain in persistent
manner. Figure 8.5 shows the magnetisation and the current for a given asymmetry
parameter q = 10 and different hopping-to-switching ratios κ of a chain withN = 600
sites as semi-logarithmic histograms. As already observed in the trajectories, a chain
with κ = 1 shows only an insignificant vertical drift for any choice of the asymmetry
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A B C
Figure 8.6: Free chain drift and a blocked triangular configuration. (A) The chain is purely
occupied by upwards orientated particles. The magnetisation is maximal with
m∗ = 1 and the chain drifts freely with maximal particle current J = 1/4. (B) If a
single particle switches into the opposite state, the global drift vanishes as (C) the
chain stretches out into a large triangular configuration. In this scenario the parti-
cle states are highly ordered, however no particle current is produced.
parameter, see figure 8.3 A, D and G. Then, the hopping happens with a rate com-
parable to the unbiased switching process. Despite the relatively high asymmetry
factor, the particle states do not align and the state magnetisation is Gaussian around
zero, see figure 8.5 A. Consequently, the uncoordinated hopping results in a Gaus-
sian current distribution as can be seen in figure 8.5 B. This is again because a locally
ordered configuration is frequently destroyed by an unbiased switching event before
hopping processes can convert the state order into significant vertical motion.
When the hopping-to-switching ratio κ is increased, the order parameter distribu-
tion becomes wider, see 1 < κ < 20 in figure 8.5 A. It flattens out to a plateau where
the magnetisations are equally distributed. For higher values κ ≥ 20, peaks at the
maximal magnetisation of |m∗| = 1 arise. In the corresponding current histograms,
one observes that the distributions first get wider and non-Gaussian for κ > 1, see
figure 8.5 B. Then, shoulder-like secondary peaks arise for κ ≥ 20. These peaks grow
and shift towards the maximal current |Jmax| = 1/4 as κ increases. When these peaks
are prominent, the chain’s vertical motion is super-diffusive even on long time scales.
Previously, for smaller κ, the mean square displacement reveals super-diffusion on
short scales whereas the long-time behaviour is Gaussian.
Above observations describe the development of the system from uncoordinated
diffusion-like motion towards more persistent motion that is caused by a high asym-
metry in the particle state distribution. As κ increases, the hopping events are typi-
cally faster than the unbiased switching. A potential particle state order, i.e. non-zero
magnetisation, induced by the driving force q is successively transformed into coor-
dinated hopping.
In the regime of large κ, the magnetisation does not completely vanish for |m| 6= 1
as expected intuitively for an ordering phenomenon. Instead, a plateau remains
and the current distribution persistently shows the central peak around zero. An
explanation for that observation is the following: When the chain flows, a significant
fraction of particles are in the blocked state and are prone to switching. These are
the particles sitting at the leading edges of the chain, see illustration 8.6 A. The













































































































































Figure 8.7: Influence of the system size on the magnetisation and the current. Semi-
logarithmic histograms for systems of (A, B) N = 200, (C, D) N = 600 and
(E, F) N = 1000 sites and a given asymmetry parameter q = 10. The ordered
regime with full magnetisation |m∗| = 1 and maximal current |Jmax| = 1/4 van-
ishes with increasing system size for a given set of q and κ.
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Figure 8.8: Binder cumulant and interpretation of the slope model in terms of a SEP. (A) The
Binder cumulant shows that no phase transition takes for any hopping-to-
switching ratio κ and system size N and q = 10. (B) Analogy of the slope model
and a periodic SEP. The slopes can be interpreted as SEP particles resp. vacan-
cies, if they are pointing upwards respectively downwards. Depending on the
slope model’s particle dynamics the SEP particles can hop to the left or right and
generate a particle flux through the system. When the slope model’s particles
are blocked due to their internal state, their neighbouring slopes are blocked, too.
For that reason, barriers are introduced in the SEP model to indicate blocked SEP
particles.
drift. It pins the chain when the other particles move forwards until the chain is
completely stretched to a large-scale triangular configuration, see 8.6 C. Then, the
magnetisation is typically non-zero but the current vanishes nevertheless. The single
oppositely directed particle might act as nucleus for a growing cluster of particles
with the respective state. Depending on the system’s parameters, it takes a certain
time for that small cluster to dilute or to grow and take over the whole population.
This causes the pauses in the chain’s trajectory and manifests itself in the peak at
zero current and the plateau in the distribution of magnetisation.
An interesting observation can be made regarding the ordering phenomenon as a
function of different system sizes. Figure 8.7 shows the histograms of magnetisation
and current for chains with a number of sites N = 200, 600 and 1000. While in small
systems the ordering of the particle states is observed already for small hopping-
to-switching ratio κ, a much higher value needs to be chosen to observe the full
system magnetisation in the case of a larger system, compare figures 8.7 A and E.
More drastically, the system size dependency is visible in the current. For N = 1000,
the shoulder-like secondary peaks are only observable for the largest hopping-to-
switching ratios, see figure 8.7 F. Even though the corresponding magnetisation is
non-Gaussian, the order in the particle states can somehow not be translated to a
chain drift. Probably the mechanism of chain stretching into large triangles, which is
discussed above, obstructs the motion. In short, small systems develop the free flow-
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ing phase with maximal currents while large systems perform a random walk with
currents peaked around zero. Cumulated distributions of the magnetisation and the
current reveal that peaks of maximal magnetisation and current decrease with in-
creasing system size (data not shown). For chains with high hopping-to-switching
ratio, it can be shown that the weight in the peaks of high magnetisation is always
smaller in large systems than in shorter ones. Consequently, the highly magnetised
regimes vanish in the limit of infinite chain length and the chain does not enter the
free flowing phase anymore.
For the characterisation of the ordering phenomenon, the Binder cumulant is mea-
sured. It can be used to determine the critical temperature in equilibrium phase tran-
sitions. The Binder cumulant U of the order parameter m is defined as [166]




0 in the disordered regime,
2/3 in the ordered regime.
(8.11)
Here is assumed thatm is Gaussian distributed around zero in the disordered regime
and takes values around ±m∗ in the ordered regime. In thermal equilibrium, for
infinite system sizes, the transition in U is sharp for the critical temperature and fades
out for smaller systems. However, the point of transition can be estimated from the
intersection of the cumulant’s curves for different system sizes.
Regarding the slope model, the Binder cumulant is calculated as a function of the
hopping-to-switching ratio κ for chains with different number of sitesN . Figure 8.8 A
reveals that the cumulants do not intersect for any physical value of κ. Thus, the
difference to an equilibrium phase transition is illustrated.
8.3.6 Classification of the asymmetric sates and interpretation of the
model
When observing the ordering phenomenon of a chain from a Gaussian particle state
population to a completely asymmetric state configuration, an interesting observa-
tion can be made, see figure 8.5 A. In addition to the unordered Gaussian magnetisa-
tion distribution, two secondary peaks appear instantaneously at the maximal mag-
netisation, which correspond to the fully ordered system. This is contrary to a contin-
uous transition, where the higher magnetised peaks would grow out of the primary
distribution. Typically, then the non-magnetised state is no longer physical. In the
current, the secondary peaks have less statistical weight and the zero-current peak
remains dominant for all choices of parameters.
In addition, the secondary peaks in magnetisation as well as current has been found
to vanish with increasing system size. Typically the correlation length diverges at
the point of a continuous transition for critical parameters, when critical fluctuations
occur. For that reason, the ordering transition should be more sharply defined the
bigger the system size, which is not the case here. The secondary peaks are more pro-
nounced in finite systems. In the following, the observations will be phenomenally
placed in the context of occurring, or not occurring, phase transitions in commonly
used systems in statistical physics.
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A B
Figure 8.9: (A) Disordered and (B) ordered configurations in the slope model and the SEP. As
long as the particles and slopes are disordered, the SEP particles are unblocked.
This changes when the chain forms large flanks, then the SEP particles cluster.
The ordering of the slope model’s particle states is similar to the spins on a one-
dimensional Ising chain. In that framework, the slope model’s asymmetry parameter q
takes the role of the spin-spin-interaction in the Ising model. It also acts purely local
on a particle’s two nearest neighbours. However in the Ising model, the domain
walls between cluster of spins with same orientation can diffuse freely. In the case
of the slope model, this is not possible since the switching of particle states is only
possible if the particle is in a blocked configuration due to its internal state. Conse-
quently, if cluster boundaries in the slope model are located within a flank, they are
frozen. A system temperature can be defined by the inverse hopping-to-switching
ratio as discussed for the equation (8.4). The one-dimensional Ising chain does not
show a phase transition for pure nearest neighbour interactions and in the absence
of an external field. In the slope model, in contrast, the particle states order when
the system size is chosen small enough, and fully magnetised configurations can be
reached. This behaviour is unusual from the Ising model’s point of view.
Aside from the Ising chain, another analogy can be found in the simple exclusion
process (SEP). Consider the slope model’s segments to be the particles or vacancies in
a variation of the SEP. As illustrated in figure 8.8 B an upwards pointing segment (/)
in the slope model corresponds to an occupied site (•) in the SEP and a downwards
pointing segment (\) to a vacancy ( ). The slope model chain is closed periodically.
As a consequence, the number of upward, respectively downward, slopes and thus
the number of SEP particles in the systems is constant. Every time a slope model
particle changes the local slope configuration, a SEP particle hops forwards or back-
wards. This is illustrated in figure 8.8 B, where the hopping events are colour-coded
in blue. Not every slope model hopping process is possible due to an incompatibility
of the particle state and the local slope configuration (blocked particles due to the
particle’s internal state). For that reason, barriers are introduced into the SEP model
variation. In figure 8.8, these barriers are represented in red and hinder SEP parti-
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cle hopping, which would be allowed from the pure SEP particle configuration. The
slope model switching of a particle’s internal state would change the position of the
SEP barriers.
In the periodically closed SEP model, where the number of particles is constant,
the interesting observable is the particle current profile. One can imagine disordered
configurations, where the SEP particles are distributed rather randomly on the lat-
tice, see figure 8.9 A. Such a configuration corresponds to an unblocked slope model
chain. In the scenario of free flow, where the slope chain is occupied by a single
particle species, the slopes flip continuously in the direction of chain drift. In the cor-
responding SEP model, the particles move freely in the direction determined by the
chain’s flow.
When the slope chain gets blocked, the net vertical slope flow vanishes. This
may be caused by a rather symmetric particle population on the slope chain or a
small cluster of oppositely directed particles that generates a stretch-out into a large
triangular configuration. Such a SEP configuration is, for example, illustrated in
figure 8.9 B, where SEP particles form large clusters and are jammed.
Summing up, the present slope model can be interpreted as a hybrid of a one-
dimensional Ising chain and a simple exclusion process (SEP). Even though these two
models do not capture the features of the slope model particles’ and slopes’ ordering
individually, the combination of the Ising and SEP dynamics gives rise to an interest-
ing behaviour which will be studied in detail in the following.
8.4 Exact master equations
The slope model’s dynamics is related to the configuration of the next-neighbour
particles’ direction of motion and the configuration of neighbouring slopes. In order
to study the dynamics, a system configuration must be defined in advance. It can be
written as a high order correlation function, which has to consider the characteristics
of every particle and slope.
Let σi be the state of a particle in position i and τi−1/2 the state of its left-handed
slope. The particle and slope states are defined as follows:
σi =
{
1 if particle state is +
0 if particle state is − τi−1/2 =
{
1 if slope state is /
0 if slope state is \ (8.12)
In this notation, a full site i is composed of the particle in position i and the corre-
sponding slope in position i − 1/2. In the course of the following investigations,
different decompositions and aggregations of the chain’s sites will be employed. An
overview of the notation used will be given at the beginning of every section.
The discussion is started with the exact equations of the system’s time evolution.
With the notation of the full sites, the probability of a chain configuration C can be
written as
P [C] = P
[
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Using this notation, the particle and slope dynamics can be formulated. In contrast
to equation (8.13), the time evolution of a local state probabilities are considered. A
slope’s state only changes when the adjoining particles hop. Thus, the time evolution
of a local slope is characterised by the following master equation, which contains
state probabilities of one and a half sites, here two slopes and the particle in between.





































In the same way, particle switching can be described. Switching depends on the
configurations of the neighbouring slopes, as well as on the internal state of the actual
particle and its next-neighbour particles. For that reason, the corresponding Master
equation consists of correlations of two and a half sites - three particles and the two
slopes in between.
∂t P [σi] = p P
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σi−1 (1− τi− 1
2







(1− σi−1)(1− τi− 1
2














(1− σi−1) τi− 1
2






σi−1 (1− τi− 1
2






(1− σi−1) τi− 1
2









(1− σi−1)(1− τi+ 1
2















The exact master equations of a chain withN sites contain the explicit information on
the time evolution of every single site, that means of theN particles and theN slopes.
Solving 2N coupled differential equations involves a considerable calculational effort
for large systems. Aiming to simplify the system of equations and make them acces-
sible to analytical studies, different mean field approaches are taken in the following.
Then, the stationary states of the slope and particle population of the chain can be ac-
cessed more easily and the ordering phenomenon that is observed in the simulation,
can be investigated.
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8.5 Mean field theory of product states
A powerful approach to stochastic systems is the analysis using the framework of a
mean field hypothesis. In addition to the previously presented simulations, the mean
field approach gives a quantitative picture of the chain’s ordering behaviour.
The mean field hypothesis is the following: First, the correlation functions decou-
ple to a product state. Considering complete decoupling of particles and slopes for
the moment, the probability for a configuration C factorises to
P [C] = P [. . . τi−3/2 σi−1 τi−1/2 σi τi+1/2 σi+1 . . . ] (8.16)
≈ . . . P [τi−3/2]P [σi−1]P [τi−1/2]P [σi]P [τi+1/2]P [σi+1] . . . . (8.17)
Further assumptions are that the system is homogenous and spatially invariant. Since
the slope model is periodic and the dynamics depend on the configuration and not
on a site’s position on the chain, these assumptions are reasonable. The probabilities
of the state variables σi and τi−1/2 of single sites simplify to








= P [τ ] = τ. (8.18)
and can be written as average state densities of particle σ and slope state τ .
When single slopes and particles are completely decoupled, the correlation func-
tions, as in the dynamical equations (8.15) and (8.16), are half site functions, meaning
that they only contain information on one particle or one slope. However, the slope
model definition and in particular the dynamical rates depend explicitly on the next-
neighbour configuration. With a fully factorised mean field approach, correlations
are neglected and the slope model dynamics cannot be correctly implemented in the
time evolution. Consequently, it seems more natural to base the mean field analy-
sis on full sites or a set of combined sites. Such contain information about at least one
particle-slope couple. Different combinations can be imagined and will be used in
further studies as listed in table 8.2.
Using indicator variables to characterise a subunit of several particles and slopes
instead of the single state variables σ and τ , the mean field approach can be employed
without the loss of the particle-slope correlation. Depending on the internal length
of the subunits, different sets of indicator variables can be constructed. For a subunit
length of two, subunits of one particle and one slope are considered. That is a full site
subunit, and the system’s correlation function factorises to one particle and one slope
correlation, see table 8.2. This case is studied in the following under the name full
site approach in section 8.5.1. A subunit length of three has two possible realisation in
terms of indicator variables. First, one particle and two slopes and, secondly, two particles
and one slope. For that reason, these scenarios are referred to as local field approaches,
centred around one particle or one slope. They are presented in the sections 8.5.2
and 8.5.3.
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〈σi τi+1/2 σi+1〉 ,
Table 8.2: Overview of the subunit definitions for the local field approximation. In the ex-
emplary configuration sketches, the particle states are not specified and are simply
represented as©. Every representative can take the states + or −.
8.5.1 Full state approach
In this approach, the indicator variables characterise a configuration based on sub-
units formed of one particle and its left-hand slope. Recalling the state variables from
equation (8.12), the indicators for a full site i read:
Ai = = τi− 1
2
σi,
Bi = = τi− 1
2
(1− σi),
Ci = = (1− τi− 1
2
)σi,




The probability of a configuration C factorises with this choice of state indicators to
P [C] = P [. . . τi−3/2 σi−1 τi−1/2 σi τi+1/2 σi+1 . . . ] (8.20)
≈ . . . P [τi−3/2 σi−1]P [τi−1/2 σi]P [τi+1/2 σi+1] . . . . (8.21)
These full site correlation functions are translated to the indicator variables. The time
evolution of the probability to find a site i in one of the states Ai, Bi, Ci or Di is given
by the master equations. Based on the probability gain and loss to and from other
configurations, the time evolutions read:
∂tP [Ai] = + h {P [Bi−1Ci] + P [Ci(Ai+1 +Bi+1)]− P [Ci−1Ai]} (8.22)
− p {P [(Bi−1 +Di−1)AiCi+1] + P [(Ai−1 + Ci−1)AiDi+1]}
− pq P [(Bi−1 +Di−1)AiDi+1]− p/q P [(Ai−1 + Ci−1)AiCi+1] ,
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∂tP [Bi] = + h {P [Bi−1Di]− P [Bi(Ci+1 +Di+1)]− P [Ci−1Bi]} (8.23)
+ p {P [(Bi−1 +Di−1)AiCi+1] + P [(Ai−1 + Ci−1)AiDi+1]}
+ pq P [(Bi−1 +Di−1)AiDi+1] + p/q P [(Ai−1 + Ci−1)AiCi+1] ,
∂tP [Ci] = + h {P [Ci−1Ai]− P [Ci(Ai+1 +Bi+1)]− P [Bi−1Ci]} (8.24)
+ p {P [(Bi−1 +Di−1)DiAi+1] + P [(Ai−1 + Ci−1)DiBi+1]}
+ pq P [(Ai−1 + Ci−1)DiAi+1] + p/q P [(Bi−1 +Di−1)DiBi+1] ,
∂tP [Di] = + h {P [Ci−1Bi] + P [Bi(Ci+1 +Di+1)]− P [Bi−1Di]} (8.25)
− p {P [(Bi−1 +Di−1)DiAi+1] + P [(Ai−1 + Ci−1)DiBi+1]}
− pq P [(Ai−1 + Ci−1)DiAi+1]− p/q P [(Bi−1 +Di−1)DiBi+1] .
Employing the mean field assumptions stated above, the system of equations trans-
forms to




























Since the slope model of coupled segments is periodic per definition, the conservation
of slope densities is imposed. That means that half of the slopes must point upwards
and half downwards. Regarding the indicator variables, it follows that




With this condition, the system of dynamical equations (8.26)-(8.29) can be reduced
without loss of generality. Then, state B is representative for all upwards pointing
slopes and state C respectively for all downwards pointing slopes. The final dynam-
ical equations read










































In order to investigate a possible ordering phenomenon of the slope chain with this
full site approach, the stationary state is investigated in the following.
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Figure 8.10: Numerical solutions of the stationary state for different hopping-to-switching pa-
rameters (A) κ = 0.1, (B) κ = 0.2, (C) κ = 1 and (D) κ = 10. For small κ, the only
physical solution is purely symmetric and two physical asymmetric solution oc-
curs not until larger κ. The bifurcation point is shifted towards small asymmetry
parameters as the switching noise 1/κ decreases. It will be shown later, that the
bifurcation only exists if q and κ are chosen above critical values. The asymmetric
branches do not develop evenly when κ increases, since the symmetric solution
is not constant, but converges to one fourth. The corresponding state densities
of A and D are obtained from equation 8.30.
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Numerical solutions of stationary states
The stationary state conditions ∂tB = ∂tC = 0 and the hopping-to-switching param-









































To find the stationary slope and particle populations, the above equations are solved
numerically. Results for selected sets of asymmetry parameters q and hopping-to-
switching parameters κ are given in figures 8.10 A-D.
A symmetric solution B = C is present for all parameters, see figure 8.10 A. All
other solutions are complex or not compatible with the boundary conditions in
equation (8.30). The symmetric solution corresponds to a disordered state, where
also as many states A as D exists. The physical meaning of that solution be-
comes visible when observing the behaviour of that solution in its dependency
on asymmetry parameter q: For a given hopping-to-switching parameter κ this
symmetric solution converges to Bmax = Cmax = 0.5 when the asymmetry param-
eter increases. The boundary condition (8.30) implies that then only the states
B = and C = are dominant, while A = and D = vanish.
The suppressed states are configurations which are blocked no matter what the state
of the neighbouring right-hand slope is. Consider for example an upwards point-
ing slope followed by a plus particle an A state for example. If the next slope points
down, the particle is blocked due to its internal state. Similarly, if the following slope
also points upwards, the plus particle is part of a larger flank structure and equally
blocked. On the other hand, the states that persist have a non-zero probability to
be unblocked. The resulting global configuration is then a mix of the following ex-
treme configurations, depending on whether the hopping or the unbiased switching
process is faster:
. . . B B B B B C C C C C . . . or . . . B C B C B C B C B C . . .
Aside from the symmetric solution, two asymmetric solution arise for a sufficiently
large hopping-to-switching ratio κ if the asymmetric parameter q exceeds a critical
value, see figures 8.10 B-D. These solutions are complex for smaller κ and nucleate
from the symmetrical branch when becoming real. The resulting bifurcation indicates
an ordering transition, since the particle state population in plus and minus orienta-
tions differs. The two coupled solutions for the densities B and C tend either to zero
or to their maximal value 0.5. Then, the state densities are asymmetric for large q:
IfB = 0.5 andC = 0, only minus particles are present on the chain sinceB = D = 0.5
whereas the plus species does not occur. The density of slopes is conserved and the
chain drifts downwards with maximum velocity. A similar drift in upwards direction
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is found forB = 0 and C = 0.5. The emergence of these asymmetric configurations is
similar to arising secondary peaks in the magnetisation observed in the simulations,
see figure 8.7.
In figures 8.10 B-E, it can be observed that the asymmetric solutions appear
for smaller asymmetry parameters q the larger the hopping-to-switching ratio κ.
Furthermore, the states reach their extremal values "zero state density" and "maximal
state density" faster. This is because a strong time scale separation between hopping
and unbiased switching helps to establish and maintain the particle state order along
the chain. For small κ, the bifurcation vanishes since a blocked particle switches
its state on very short time scales compared to the hopping process. Consequently
an ordered particle state configuration is more likely to be destroyed by switching
events than to be translated into a persistent chain motion with maximal velocity.
This makes the occurrence of a chain populated by a single particle species improba-
ble on longer time scales.
In order to characterise the ordering transition in the state densities and iden-
tify the physical solutions, a linear stability analysis is performed on the symmetric
branch B = C of the set of equations (8.31) and (8.32).
Dynamical stability analysis
In order to investigate the symmetric solution B = C, two new indicator variables
are introduced. Let µ = 2(C − B) be the difference and ν = 2(C + B) the sum of
the representative states of plus and minus particles. These serve to identify the oc-
currence of the ordering. µ is a new order parameter. When both species are equally
present on the chain, then µ = 0 and ν = 1, and the states are disordered. Otherwise,
if one particle species provides the whole population, then µ = ±1 and ν = 0, and
the particle states are ordered. The time evolution of these new indicator variables










(q2 − 1− 4κq)ν2 − 2ν(q + 1)(2q − 1) + (4κq − (q + 3)(q − 1))µ2 + 4q(q + 1)} .
(8.36)
Before the ordering transition occurs, both particle states have an equal density in
average. For that reason, µ  1 and higher order terms in µ can be neglected. In
addition, steady state solutions of the chain configuration are of interest and conse-
quently ∂tµ and ∂tν are set to zero. The linearisation in the variable µ of the steady
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(q2 − 1− 4κq)ν2 − 2ν(q + 1)(2q − 1) + 4q(q + 1)} . (8.38)
The system’s fixed point is determined by (µ, ν) = (0, ν∗) and the corresponding
value v∗ is
ν∗ =
(q + 1)(2q − 1)





2 − 1− 4κq)
(q + 1)(2q − 1)2
}
. (8.39)





(q − 1)2ν∗2 − 2(q − 1)(2q − 1)ν∗ + 2(2q2 − 3q − 1)} δµ+ 0 δν, (8.40)




2(q2 − 1− 4κq)ν∗ − 2(q + 1)(2q − 1)} δν. (8.41)




















the stability matrixM characterises the nature of the fixed point. The fixed point is
stable if the real parts of the matrix’ eigenvalues are negative. A perturbation then
vanishes exponentially and does not drive the system out of the fixed point. If one
eigenvalue is zero or positive, stability cannot be assumed. From equations (8.40)










2(q2 − 1− 4κq)ν∗ − 2(q + 1)(2q − 1)} . (8.44)










2 − 1− 4κq)
(q + 1)(2q − 1)2
]
− 2(q + 1)(2q − 1)
}
(8.45)
= −(q + 1)(2q − 1)
4q
√
4q(q2 − 1− 4κq)
(q + 1)(2q − 1)2 (8.46)
= −(q + 1)
4q
√
q + 1 + 16κq2
(q + 1)
< 0, ∀ κ, q. (8.47)
For that reason, the instability must originate in the change of sign in λ1. Since
the expression (8.43) does not simplify easily, further analysis is performed in the
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limit κ→∞. Then, ν∗ → 0 and in this case, the lower limit of the critical value of the
asymmetry parameter qc, for which the fixed point is no longer stable, is
lim
κ→∞λ2 =
2q2 − 3q − 1
q
!







≈ 1.78 . . . . (8.48)
For the value qc, the fixed point becomes unstable for sufficiently large κ. That means
that from the symmetric solution µ = 0, that is B = C in figure 8.10 D, a bifurcation
is generated when the asymmetric solutions arise. Beyond qc, the symmetric solution
is no longer physical and the system undergoes ordering.
A general condition for the ordering can be formulated as a transition line (κ, q)c.
Recalling the dynamical equation for ν in (8.38) and the expression for the first
eigenvalue of the stability matrix λ1 in (8.43), the transition is implied by ∂tν = 0
and λ1 = 0:
0 = ν2 − 2(q + 1)(2q − 1)
q2 − 1− 4κq ν +
4q(q + 1)
q2 − 1− 4κq
0 = ν2 − 2(2q − 1)
q − 1 ν +




0 = ν2 + c1(κ, q)ν + c2(κ, q)
0 = ν2 + c3(q)ν + c4(q)
⇔ 0 = [c4(q)− c2(κ, q)]2
+ c1(κ, q) [c4(q)− c2(κ, q)] [c1(κ, q)− c3(q)]
+ c2(κ, q) [c1(κ, q)− c3(q)]2 . (8.49)
Equation (8.49) consists of a high order polynomial in κ and q, which defines the line
of transition between the disordered (symmetric) and ordered (asymmetric) solution.


















































Similar to the relation (8.48), the leading order in q of the above condition allows to








q8 + . . .
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According to (8.50), the full site mean field phase diagram (κ, q) takes the form
shown in figure 8.11 A. Above the transition line, the asymmetric solution is always
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~ (q - qc)
0.5
B
Figure 8.11: (A) Phase diagram based on the exact solution of equation (8.50). The asymp-
totics of the transitions are qc(κ→∞) and κc(q→∞) given by equations (8.48)
and (8.51). (B) Critical exponent of the steady state solution. The behaviour of
the order parameter µ near the transition reveals the critical exponent α = 0.5.
physical and the system is ordered. It consists purely of plus or minus particles
and performs fast upward or downward drift. As observed in the figure 8.10 A-D,
the transition towards the ordered phase vanishes for small hopping-to-switching
ratio κ < κc. A small κ corresponds to a particle dynamic where hopping is relatively
slow compared to the unbiased switching. The resulting switching noise disturbs
the vertical particle displacement and global chain drift. So κc, can be interpreted as
the maximal switching noise that the system can bear, while maintaing an ordered
configuration for large asymmetries. Likewise, the minimal drive qc is identified as
the necessary switching bias to compensate a large hopping-to-switching ratio κ.
If µ is interpreted as an order parameter, a free energy function can be defined as
follows. The order parameter is constant with respect to time if it corresponds to an
extremum of the underlying energy landscape:
µ˙ = −∂µf(µ) (8.52)




Assume that the stationary solution of equation (8.36) is given by the ansatz
ν = ν0 + ν1µ+ ν2µ
2 + ν3µ
3 + ν4µ
4. After identification of the coefficients νi, that so-
lution is injected into equation (8.35). That gives an expression for µ˙ and the free














where the parameters ai = ai(κ, q) follow from the exact equations (8.35) and (8.36).
A system with the above free energy equation undergoes a continuous transition
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if a2 = 0. Using the explicit term of a2(κ, q), the equation of the transition line in
equation (8.50) is confirmed. Furthermore, the critical exponent α can be calculated
and reads
µ(κ, q) = µ(κ)(q − qc)α with α = 1
2
, (8.55)
so that a continuous transition is identified. This agrees with the transition behaviour
shown in figure 8.11 B, where the order parameter µ is plotted near the transition, for
small q − qc.
The free energy function in equation (8.54) possesses a more complex phase dia-
gram than shown in figure 8.11 A. And, it is strongly influenced by the highest order
in µ considered for the analysis. A deeper study of the free energy function reveals
characteristics that are very likely to be artefacts of the mean field approximation
since they are not observed in the simulations.
The purpose of the analytical study of the mean field steady states in this full
site approach is to find a dependency of the ordering phenomena in the simulation
in section 8.3 on the asymmetry parameter, the hopping-to-switching ratio, and in
particular on the system size. The analysis has shown that the transition towards
the asymmetric solution happens continuously for critical couples of hopping-to-
switching ratio and asymmetry parameter. Even though this approach does predict
a free flowing phase, it does not agree with the one observed in the simulations. This
is on the one hand because the free flow falls in a regime of the hopping-to-switching
ratio that is not compatible with its definition in the slope model, and on the other
hand because the correlations of particles and slopes should span further than over
one full site. Otherwise, the model’s dynamics cannot be correctly incorporated
into the mean field approximation. Furthermore, this approach does not explain the
disappearance of the free-flowing regime for large systems.
A possible way to introduce longer configuration correlations is to employ a clus-
ter approach for the local field, as supposed in table 8.2. To do so, indicator functions
for the simultaneous state of one and a half sites can be used. The two possible re-
alisations for such a local field approach are to consider one particle and two slopes,
which is the particle centred local field, or two particles and one slope, which is the slope
centred local field.
8.5.2 Local field approach - Particle centred
Using subunits of two slopes and one particle that are chosen not do factories further,
eight indicator variables characterise the local field centred around one particle:
A = = τi− 1
2
σi (1− τi+ 1
2
)




B = = τi− 1
2
(1− σi) (1− τi+ 1
2
)
D = = (1− τi− 1
2
) (1− σi) τi+ 1
2
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G = = (1− τi− 1
2
)σi (1− τi+ 1
2
)
F = = τi− 1
2
(1− σi) τi+ 1
2
H = = (1− τi− 1
2
) (1− σi) (1− τi+ 1
2
)
Analogous to the cluster approach in [167], a factorisation using conditional proba-
bilities is employed to specify a single configuration C’s probability
P [C] = P [. . . τi−3/2 σi−1 τi−1/2 σi τi+1/2 σi+1 τi+3/2 . . . ] (8.56)
≈ . . . P
[








τi+1/2 | σi+1 τi+3/2
]
. . . ,
(8.57)
where the conditional probabilities read
P
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These local field probabilities are then coded as the indicator variables A to H of two
slopes and one particle. While the states A,B,C and D can evolve by hopping and
switching of the subunit’s particle itself, the states E,F,G and H are blocked. In that
case, the particle is part of a flank structure and consequently unable to perform any
action until the neighbouring particles make a step. The resulting local field master
equations of the time evolution of the indicator variables read
∂tA = h [+C(1− 2A) +B(E +G)]− pA [(C + E)(C +G)] (8.60)
− p
q
A [D(E +G) + C(F +H) + 2CD + FG+ EH]
− pqA [(D + F )(D +H)] ,




A [D(E +G) + C(F +H) + 2CD + FG+ EH]
+ pqA [(D + F )(D +H)] ,




D [A(F +H) +B(E +G) + 2AB + FG+ EH]
+ pqD [(A+ E)(A+G)] ,
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∂tD = h [+B(1− 2D) + C(F +H)] + pD [(B + F )(B +H)] (8.63)
− p
q
D [A(F +H) +B(E +G) + 2AB + FG+ EH]
− pqD [(A+ E)(A+G)] ,
∂tE = h [+C(A+B)− E(B + C)] , (8.64)
∂tF = h [+B(C +D)− F (B + C)] , (8.65)
∂tG = h [+C(A+B)−G(B + C)] , (8.66)
∂tH = h [+B(C +D)−H(B + C)] . (8.67)
Here, the periodic boundary conditions for the slopes need to be considered again.
The density of upwards and downwards pointing slopes must be constant, which
is claimed in two ways: counted from the left and counted from the right. When
a states left-handed slopes are considered, there must be as many upward as down-
ward slopes. That means the state densities ofA+B+E+F , which are the left-handed
upward slopes, must be equal to C + D + G + H , which are the left-handed down-
ward slopes. The same condition applies when counting the right-handed slopes.
That generates the constraints
1
2
= ρ/ = ρ\ ⇔

1
2 = A+B + E + F = C +D +G+H,
1
2 = A+B +G+H = C +D + E + F.
(8.68)
This leads to
A+B = C +D and E + F = G+H. (8.69)
Inserting the constraint (8.69) into the master equations (8.61) - (8.67) and employ-




















8.5. Mean field theory of product states
From equation (8.71), equal density is predicted for the states B and C. These are the
only configurations in which the particle is unblocked and can perform a step in its
direction of motion. The resulting vertical particle current J may cause a global chain






= C −B = 0, (8.75)
where ρ(.) indicates the density of sites in a certain state. Consequently, the net
current vanishes in the stationary state for this choice of indicator variables and the
free flow phase with maximal current does not occur. Furthermore, an asymmetric
particle state configuration such as A + C + E + G = 1 and B = D = F = H = 0 is
not a physical solution of the set of equations (8.70) - (8.74). This is a clear indicator
that a particle centred local field approach does not produce an ordering as observed
in the simulations of the slope model in figure 8.5.
The other choice of indicator variables with a subunit length of one and a half sites
is the approach of two particles and one slope, or the slope centred local field approach as
illustrated in table 8.2. It is studied in the next section.
8.5.3 Local field approach - Slope centred
A further approach is the coupling of two particles and one slope. As discussed in
section 8.3.6 the slope model can be interpreted as a variation of a one-dimensional
Ising chain [168]. There, pairwise interactions of charges are considered, so it seems
reasonable to try the explicit coupling of two particle states within one indicator vari-
able.
In the local field approach of two particles and one slope, there are eight possible
indicator variables:
A = = σi τi+ 1
2
σi+1
C = = σi τi+ 1
2
(1− σi+1)
E = = (1− σi) τi+ 1
2
σi+1
G = = (1− σi) τi+ 1
2
(1− σi+1)
B = = σi (1− τi+ 1
2
)σi+1
D = = σi (1− τi+ 1
2
) (1− σi+1)
F = = (1− σi) (1− τi+ 1
2
)σi+1
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The probability of finding a configuration C factorises to
P [C] = P [. . . σi−1 τi−1/2 σi τi+1/2 σi+1 τi+3/2 σi+2 . . . ] (8.76)
≈ . . . P [σi−1 τi−1/2 | σi]P [σi τi+1/2 σi+1]P [σi+1 | τi+3/2 σi+2] . . . , (8.77)
where the conditional probabilities are
P
[
























The slope centred local field equations for the time evolution of the state variables
identified by the conditional local probabilities read
∂tA = h [+B(A+ C)−A(B + F )] + p [AD + EH] − p
q
AB + pqDE, (8.80)
∂tB = h [−B(A+ C) +A(B + F )] + p [BE +DE] − p
q
AB + pqDE, (8.81)
∂tC = h [−C(F +H)− C(B + F )] + p [AD +DG] + p
q
(AB +DE), (8.82)
∂tD = h [+C(F +H) + C(B + F )] − p [AD +DG] − 2pqDE, (8.83)
∂tE = h [+F (A+ C) + F (C +G)] − p [BE + EH] − 2pqDE, (8.84)
∂tF = h [−F (A+ C)− F (C +G)] + p [BE + EH] + p
q
(AB +DE), (8.85)
∂tG = h [−G(F +H)−H(C +G)] + p [BE +DE] − p
q
GH + pqDE, (8.86)
∂tH = h [+G(F +H) +H(C +G)] + p [AD + EH] − p
q
GH + pqDE. (8.87)
As before, the constraint of constant density of upwards and downwards pointing
slopes are applied. These lead to the purely symmetric stationary state solutions
A = B = G = H, (8.88)















Independent of any system parameter, these solutions predict equal density of
configurations that are symmetric in the particle states which are A = B = G = H
where one plus and one minus particle is combined. An ordering in the particle state
136
8.5. Mean field theory of product states
can only be reached if these densities are zero, which is not a physical solution of the
system of equations (8.88) - (8.90). Since complete particle state asymmetry cannot
be reached, the free flow phase is not predicted by this local field approximation.
Hence, it does consequently not give the correct predictions for the slope model’s
behaviour in the case of short chains.
However, an interesting behaviour of the steady state solutions (8.88) - (8.90) is
observed and is plotted in figures 8.12 A, C and E. Depending on the asymmetry pa-
rameters q and hopping-to-switching ratio κ, different regimes can be distinguished:
Unbiased system For q = 1, two groups of states exist and are plotted in fig-
ure 8.12 A. For large hopping-to-switching ratio κ, the chain is purely governed
by the states A,B,D,E,G and H with equal density 1/6 while the states C
and F do not occur. C and F are the only states where both particles can be
able to hop if the slope of the neighbouring sites is favourable. Since a large κ
makes hopping much faster than any switching event, the states C and F di-
rectly hop and transform to states D and E.
In the other extreme, for very small κ, hopping is slow in comparison to switch-
ing. The chain only consists of the states C and F with equal density, resulting
in the following typical saw-tooth configuration:
Strongly biased systems For q = 50, the states D and E effectively do not occur
and take approximately zero density in figure 8.12 E. D and E are the mixed
particle states that are likely to be blocked due to the particles’ direction of mo-
tion. A strong driving parameter makes these configurations switch instanta-
neously if the neighbourhood is in the opposite state. State D then transforms
in this way: H ← D → B.
For small κ, as in the case of the unbiased system, the chain is mostly popu-
lated by the states C and F while all other states vanish. Thus, the most proba-
ble global chain configuration is again the disordered saw-tooth pattern shown
above.
If the hopping-to-switching ratio is large, a more ordered configuration ap-
pears. The symmetric particle statesA,B,G andH exist with equal density 1/4.
A high asymmetry factor makes the occurrence of large clusters of particles
with same internal state probable. In addition, since large κ makes hopping
faster than unbiased switching, it is likely that the chain stretches out into a
large triangular configuration where particle states segregate:
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As discussed in section 8.3.6, the arising domain walls between clusters of parti-
cles with same state are frozen in when situated within a larger flank structure.
A cluster can, for that reason, only dilute beginning from the top of a triangular
structure. This stabilises the slope model’s particle clusters in comparison to
the Ising model, where domain walls can diffuse freely.
Weakly biased systems In the case q = 10, see figure 8.12 C, and for small κ, the
same disordered saw-tooth configuration arises as before. In contrast, for larger
hopping-to-switching ratios, the states D and E do not completely vanish as
observed in the strongly driven system. These are the states that typically con-
stitute domain walls between clusters of identical particle states. The more
states D and E are present in the system, the more clusters of decreasing size
will be observed. The typical chain morphology for a weakly biased system
with large κ is then a random suite of small domains with ordered particle
states. On large scales, however, the slope and particle states do not segregate.
Even though an asymmetric particle state population is not developed in the slope
centred local field, a segregation of the particle species into clusters is observed.
Referring to the chain’s global structure, the segregation is reflected in the large
triangular chain shape with prominent flank structures and large clusters of particles
with the same internal state. The disorder on the other hand results in a chain shape
that is a random walk of upwards and downwards pointing slopes. That random
shape is constrained by the periodicity and the resulting slope density conservation.
The development from the saw-tooth pattern to the large triangular chain shape
observed for the different sets of parameters corresponds to the intersection of the
curves for the state densities A,B,G and H with C and F . These are given by the
equations (8.88) and (8.89). The point where the mixed regime transforms to the





That relation indicates the critical time scale separation of hopping and switching
for a given asymmetry parameter. When the time scale separation is prominent, i.e.
κ  1, relatively small asymmetry parameters are sufficient to trigger the particle
and slope segregation and the appearance of a large triangular chain shape. On the
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Figure 8.12: Comparison of the (A, C, E) local slope centred field approach and the
(B, D, F) stochastic simulation of chains of N = 1000 sites and different asymme-
try parameters (A, B) q = 1, (C, D) q = 10 and (E, F) q = 50. A good quantitative
agreement can be observed in the case of driven systems for larger κ, especially in
the point κ = 1/q where the disordered regime goes over to the ordered regime.
However, correlations are underestimated by the local field model, which shows
in the state densities D and E. In the simulation data, these states can posses a
non-zero density, which is not picked up by the local field approach.
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other hand, a weak time scale separation favours unordered configurations up to
larger asymmetries.The observations on the steady state local field approximation
are now compared to numerical simulations of a chain.
The local field theory does not pick up a free flowing phase as observed in the
stochastic simulations of short chains, but predicts blocked states with no current
for large asymmetry factors and hopping-to-switching ratios. Since in previous
simulations one observed that the current decreases when the system size increases
in that regime of dynamical parameters, simulations of long chains are compared to
the predictions of the slope centred local field approach. A chain with N = 1000 sites
is referred to in the following and the simulation method is detailed in section 8.3.
Configurations of the simulated chain are converted to the state variables A to H
of the slope centred local field and are counted. Figures 8.12 B, C and F show the
evaluated state densities for the same parameters as for the steady state local field
solutions in equations (8.88) to (8.90). In the simulated configurations, the groups
of states A,B,G and H , C and D, and D and E occur with equal density since the
curves collapse perfectly, see for example figure 8.12 B. Furthermore, the cross-over
in the simulated data agrees very well with the predicted value in equation (8.91).
In the limit of large hopping-to-switching ratio, the local field calculus matches the
explicit indicator variable densities of the simulation of driven systems. There, the
chain is composed of an uniform mix of the states which have symmetric particles.
These are A,B,G and H , whereas all other states show negligible densities in
figure 8.12 B. Thus, the resulting particle state population on the chain cannot be of
a single particle type. However, this is what is observed in the stochastic simulation
if extreme asymmetry and hopping-to-switching parameters are chosen. Then, even
long chains have been shown to possess a non-zero magnetisation, which means a
population difference of the particle types, compare figure 8.7 E. These two scenarios
can nevertheless be consistent within limits: In simulations, the chain performs a
free flow and, when averaged over a sufficiently long period of time, changes the
direction of vertical motion several times. This is because the particle population
is then substituted by the opposite species. Consequently, the time averaged mag-
netisation is zero. In terms of indicator state densities, that corresponds to an equal
density of the states with symmetric particle type A,B,G and H , which is the case
in figure 8.12 B. The local field prediction is a balanced particle type distribution
for a steady state while in the simulation this is only the case for the temporal average.
Furthermore, qualitative differences are found especially in the undriven case and
for higher asymmetry factors in the limit of small hopping-to-switching ratio. The lo-
cal field approach systematically underestimates the density of states with symmetric
particle population. These state densities are predicted to disappear, but converge to-
wards about an eighth in the simulation. Consequently the asymptotics of the local
field prediction and the simulation do not match either of the other groups of states.
That discrepancy exists for both long and short chains.
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The key result of this local field study is that the stationary state solution of the
considered combined states gives a correct qualitative description of the behaviour
of long chains observed in the stochastic simulations: If the dynamical parameters are
not chosen exaggeratedly, for example q = κ = 10, the simulated long chain’s vertical
displacement is not a free flow. However, the corresponding particle state popula-
tion is locally ordered and characterised by clusters of the same particle type. The
local field approach predicts a particle state segregation along the chain, and thanks
to the indicator state densities, a typical steady state configuration is derived, the
large triangular shape. This explicit shape is also observed long chains, which do not
drift. Consequently, this slope centred local field approximation correctly describes
the dominance of blocked configurations on long chains.
While the particles segregate and form clusters, only symmetric particle config-
urations are solutions of the local field equations. Consequently, a free flowing
regime should not be realised for any system size. This strongly supports the inter-
pretation of the persistent drift of short simulated chains as a finite size phenomenon.
Since the particle and slope segregation is an important local field result for large κ
and q, a cluster size analysis is performed in the following. The data collected by
the stochastic simulations presented in the previous section 8.3 is used to further
study the mechanism that makes a full particle-asymmetry and the resulting free
flow possible.
8.6 Simulations II
The second part of stochastic simulations of the slope model aims to gain a better un-
derstanding of how exactly short chains produce the free-flowing phase. Apparently,
the free flow is a weakly metastable chain configuration that vanishes for long chains
and is not picked up by the mean field analysis.
First, inspired by the segregation prediction of the slope centred local field study,
the clustering of slopes and particle states is investigated. Furthermore, it is promis-
ing to take a closer look at the formation of the free flowing regime regarding different
chain lengths. For that purpose the ordering time is recorded. This is the first time a
chain shows free flow behaviour being initialised in an disordered state. In a similar
way, a chain can be initialised in free flow, so that the flow behaviour when leaving
the regime can be investigated. When performing such studies for different system
sizes and dynamical parameters, the system size influenced mechanisms of the free
flow can be pointed out.
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8.6.1 Numerical data
The cluster size analysis is performed on the simulation data generated by waiting
time simulations as used for the magnetisation and particle current analysis in fig-
ure 8.7. In order to investigate the time to enter the free flowing phase and the current
decay, however, different initialisations are taken. When the ordering is observed, the
simulations are started in the blocked saw-tooth pattern,
and the vertical current is measured and averaged over a small arbitrarily chosen in-
terval of time. For different system sizes N ∈ [100, 1000], an asymmetry factor q = 10
is chosen and the current is measured for a variation of hopping-to-switching ra-
tios κ ∈ [25, 200]. Simulations are stopped as soon as the maximal current is reached.
To investigate the current decay, simulations are set up in an ordered saw-tooth
configuration where a single particles type populates the whole chain.
In a first part, any particle switching is inhibited to artificially maintain the parti-
cle state order and to generate a free flowing phase. Then, at t = t0, switching is
enabled and happens with the usual dynamical rates, which are summarised in ta-
ble 8.1. From t0 on the current decay is recorded. It is sufficient to use a short simula-
tion time as the first moments of current decay are of interest. For that measurement,
chains of N ∈ [100, 1000] sites are considered with a given asymmetry factor q = 10
and a hopping-to-switching ratio κ = 10. For that reason, the influence of the system
size is investigated. Furthermore, the same analysis is performed for a given system
size as a function of the driving parameter q ∈ [5, 50].
8.6.2 Cluster analysis
The cluster sizes for the particles and slopes are measured relative to the system size
to compare chains of different lengths. A cluster is here defined as an ensemble of
particles of equal state, and the cluster’s boundary is reached as soon as the follow-
ing particle takes the opposite state. Thus, the smallest possible cluster consists one
particle. The number of particles in a cluster n is then divided by the system size N
to calculate the relative cluster size.
Therefore, the relative particle cluster size is ]0, 1], where 1 corresponds to a chain
which is exclusively populated by one particle species and performs a free and per-
sistent drift. Figure 8.13 A shows the relative particle cluster size for different system
sizes and an asymmetry factor q = 5. Many small particle clusters are present for
all system sizes, and in the regime of intermediate clusters, their occurrence decays
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Figure 8.13: Distribution of particle cluster sizes n relative to the system sizeN for a hopping-
to-switching ratio κ = 10 and (A) q = 5 and (B) q = 10. While very small clusters
are most frequent for intermediate cluster sizes, the distributions decay expo-
nentially. As predicted by the slope centred local field theory, the particles seg-
regate stronger, the higher the asymmetry parameter q. In addition, short chains
with N = 100, 200 show a prominent number of clusters that span the whole
system and indicate the existence of the free flow regime. Since the cluster sizes
decay with exp(−n/λ), the inset of figure (B) shows the typical length scale λ as
a function of the system size. That length scale is only weakly dependent on the
system size.
exponentially and faster, the larger the system size. In small systems, a percolating
cluster forms and the chain undergoes free flow. At the very tail of the distribu-
tion, such corresponding peaks for the maximal relative cluster size are observed in
figures 8.13 A and B. The stronger the asymmetry q, the longer the chains that are
still able to generate free flow. For the studied asymmetries, chains longer than 200
sites cannot produce percolating clusters. This is because the typical length scale, on
which the cluster size decreases, increases only weakly with the system size. This is
illustrated in the inset of figure 8.13 B.
The local field prediction of an increase of the particle segregation with increas-
ing κ and q is found to agree well when compared to the simulation’s cluster statis-
tics. Long chains show larger clusters, but short chains are more likely to possess
percolating clusters that induce the free flow. Even though the slope centred local
field prediction does not imply percolating particle state clusters for short chains, the
increase of particle segregation can be well observed for long chains.
8.6.3 Ordering time
The ordering time is defined as the period of time a chain in a disordered saw-tooth
configuration needs to order and show free flow for the first time. The free flow is
characterised by a particle current of Jmax = 1/4 over a short time interval. The inves-
tigation of that time is done with a simulation initialisation as stated in section 8.6.1
and performed for different system sizes as well as hopping to switching ratios.
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Figure 8.14: Order time as a function of system size. (A) Histogram of times to reach the
free flow phase for q = 10 and κ = 25 and different system sites N . From the
mean and standard deviation of the histograms (B) order times are estimated
for different hopping-to-switching ratio κ. These are fitted by a power law to
quantify the system size dependency.
Figure 8.14 A shows that the ordering times are shifted towards higher values with
increasing system size for a given asymmetry parameter. The histogram of order
times is peaked for short chains and fades out as the system size increases, so that
it is difficult to estimate the typical ordering time. According to figure 8.14 B the
dependency on the system size can be estimated as an algebraic exponent. That ex-
ponent seems to decrease as κ increases. Unfortunately, an in depth analysis is not
possible due to the divergence of order times for large systems. However, a weak
dependency on the hopping-to-switching ratio can be stated as long as the system
size is sufficiently small.
Such a weak system-size dependency is not very likely to be the cause of the disap-
pearance of the free flowing regime for long chains. For that reason, the evolution of
the chain out of the fully asymmetric particle configuration is studied in the following
section.
8.6.4 Current decay
In order to measure the typical time it takes for a chain to slow down from a free
flow at maximal speed, simulations are set up in a totally asymmetric configuration
where a single particle type populates the chain. The simulation method is detailed
in section 8.6.1. With such a measurement, it is possible to quantify the mechanism
that stops a drifting chain, as illustrated in figures 8.6.
In figure 8.15 A, which shows the current decay for a given hopping-to-switching
ratio and asymmetry factor for various system sizes, a weak dependency of the decay
time on the chain length is visible. For a range of system sizes, the current curves fall
in a narrow corridor, which is characterised by the decay times. A more striking
effect can be seen for the dependency of the current decay on the asymmetry factor,
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Figure 8.15: Current decay when leaving the free flowing phase for (A) q = 10, κ = 10 and
chains of different sizes N . An initial exponential decrease exp(−t/τ) can be ob-
served for all chain lengths with a decay time τ which is only weakly dependent
on the system size, i.e. 0.3e3 . τ . 1e3 for 100 ≤ N ≤ 1000. (B) Current decay
for a system with N = 1000 sites, a hopping-to-switching ratio κ = 10 and differ-
ent asymmetry factors q. Here, the influence of the driving parameter becomes
visible as it hinders the occurrence of the suppressed particle type.
see figure 8.15 B. While for small asymmetries the current decays rapidly, a slower
decay is observed when q > 20.
This is an interesting observation as one would expect that the decay time depends
on the number of sites that are, for a short time, in a blocked configuration due to their
internal state. The particles on these sites are able to switch state. Refer to figure 8.6
to recall the mechanism. Since the number of such blocked states depends on the
number of sites in the system, the decay time is sensitive to the chain length. That
is the reason for the dependency of the current decay on the system size observed in
figure 8.15 A.
Moreover, the occurrence of a switching event of one particle in a totally asymmet-
ric neighbourhood depends on the switching rate ssame. In the free flow the neigh-
bouring particles take the same state as the considered particle since the whole chain
is occupied by a single species. Recalling equation (8.3), the switching rate reads
ssame = p/q.
Consequently, an increasingly strong asymmetry makes the appearance of a particle
in the opposite state less and less probable. So, a totally asymmetric particle config-
uration can be maintained. That mechanism acts stronger on the current than the
chain length’s influence, as can be seen by comparing the figures 8.15 A and B.
The emergence of the free flow phase is, based on these observations, depend on
the following limitations: The time needed to create order in the particle states is
algebraically increasing with the chain length. If particle state order is reached, the
arising free flowing phase is quickly destroyed by the appearance of an oppositely
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directed particle. The current then vanishes on exponential time scales, which are
roughly independent of the system size. For that reason, only short chains that are
able to order quickly can develop a persistent drift for favourable parameters, namely
a high asymmetry and a high hopping-to-switching parameter.
8.7 Chapter conclusion
The investigations presented in this chapter reveal that the dynamics of a filament
pulled by several active particles is not trivial even in the simplified case of a driven
chain of stiff segments. The respective slope model is motivated as a simplified ap-
proach to actively driven filament dynamics. The filament is abstracted as a chain
of stiff slopes, completely ignoring its semi-flexible nature. The complex interplay of
the active particles due to long-range restoring forces of the semi-flexible filament is
a unique feature of the full semi-flexible model. Hence, the crucial aspects are imple-
mented in the dynamics of the particles populating the slope-composed chain. The
two key parameters of this model are the asymmetry parameter and the hopping-
to-switching ratio. The asymmetry parameter mimics the effect of the semi-flexible
filament, which favours a deformation that is carried by several active particles and
promotes the formation of a local particle state order. The hopping-to-switching ratio
indicates the time scale separation of hopping and switching processes. The higher
its value, the better an ordered particle configuration is translated to a global chain
drift. Constructed in this way, the slope model can be approached by analytical mean
field and local field studies in addition to computer simulations.
Stochastic simulations of the slope model have shown that the chain drifts ver-
tically under the action of the active particles similar to the drift of the full semi-
flexible model discussed in Chapter 7. Both the bending rigidity of the full model and
the asymmetry parameter change the vertical motion from a random walk to super-
diffusive drift on short time scales when both parameters are chosen high enough. In
the slope model, however, the super-diffusive motion is observed even on long time
scales.
In addition to pure random displacement, short chains perform a surprisingly
persistent drift over long intervals of time, when driven by particles with a strong
asymmetry parameter and a high hopping-to-switching ratio. The freely flowing
regime arises from an asymmetric particle state population. This manifests itself in
a non-zero order parameter, which is the population difference, and a multimodal
particle current distribution. With increasing system sizes, however, that free flow-
ing regime disappears. Supported by a study of the Binder cumulant of the order
parameter, which is used to identify a continuous phase transition in equilibrium
systems, it is concluded that the formation of a free flow regime is not a phase
transition but rather a finite size effect.
A detailed study of the evolution from a symmetric to an asymmetric particle pop-
ulation and the arising free flow is performed using different mean field related ap-
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proaches. Since a classical mean field approximation would decouple slopes and
particles, which is not consistent with the model definition, a one-particle-one-slope,
which is a full site, and two local field approximations are employed. Based thereon,
a study of the stationary states is performed.
The coexistence of two different regimes is predicted by a full site approximation:
First, a disordered regime for small asymmetries and hopping-to-switching ratios.
There, both particle species are present and the chain performs a common random
walk. Second, for high asymmetries and hopping-to-switching ratios, an ordered
regime arises with a single particle species on the chain resulting in maximal chain
drift. Even though this is similar to the chain drift observed in the simulation data,
the predictions are not completely consistent. The full site approach neglects correla-
tions, which are crucial for the correct incorporation of the active particle’s dynamics.
The phase diagram extracted from a linear stability analysis of the disordered regime
predicts a transition for parameters which are not physical in the context of the model
definition. More important, the transition to the free flow regime is predicted inde-
pendently of the system size.
However, the free flow regime observed in the simulations of short chains is not
correctly predicted by any of the investigated approximations. Local field approxi-
mations result in purely symmetric solutions for the particle population, which are
also independent of the system size.
Even though the short chain drift is not picked up by these approximations, proba-
bly because the correlations are still underestimated, the behaviour of the long chains
which do not drift is correctly predicted. A local field that groups two particles and
the slope in between gives rise to a particle segregation into clusters of same states
if the dynamical parameters are chosen favourably. However, the particle popula-
tion is always symmetric and the global chain motion remains a random walk. The
stationary state densities in the segregated regime show a dominant configuration
that results in a globally blocked chain. That segregation occurs for high hopping-
to-switching parameters and asymmetries. For the opposite choice of parameters,
a disordered particle arrangement gives rise to an unblocked chain that performs a
random walk.
Comparing this local slope centred approximation to the simulation results for
long chains reveals that the segregation phenomenon is found in both cases. Fur-
thermore, the global chain morphology is similar. A weakly or undriven chain with
a low hopping-to-switching ratio resembles a random walk of the slopes, whereas
a strongly driven chain of particles, whose hopping is faster than their switching
stretches to a blocked triangular shape.
From the different approximations, one conclusion can be drawn: Since the
product states of the different approximations do not consider correlations beyond
the length of the corresponding subunits, finite size effects such as the free flow
regime are not accounted for. Only the long chain behaviour is predicted correctly
within the scope of chains with strong asymmetry and high hopping-to-switching
ratio.
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The generation of the free flow phase for certain system parameters is, however,
understood by a detailed investigation of particle cluster sizes and the particle current
evolution when entering and leaving the free flow regime.
Particle clusters of different sizes occur for varying chain lengths. The distribution
of their sizes decays exponentially for a given asymmetry parameter. Only if large
relative cluster sizes have a non-zero probability for that asymmetry, a percolating
particle cluster can arises and the chain can perform free flow. In that case, the cluster
sizes are shown be only weakly dependent on the system size. This is the reason why
free flow is purely observed for short chains.
In addition, the position of the clusters on the chain are crucial for their stabil-
ity. Since the particles within a cluster deform the chain in their direction of motion,
a motor cluster typically colocalises with a local triangular chain shape. The cluster
boundaries are then situated in the flank structures and are frozen. Due to the model’s
construction, only particles blocked by their internal state can switch. For that reason,
a domain wall situated on a flank cannot diffuse, because there the particles cannot
switch their internal state, see table 8.1 for illustration. The particle dynamics are de-
fined in such a way that cluster boundaries cannot diffuse, and hence clusters hardly
merge. The only possibility for fusion is the dilution of a cluster, beginning from the
edge of a triangular structure. There, the top particle has neighbours of the same
state, which makes switching and dilution very improbable for large asymmetries.
However, the asymmetry has to be chosen high in order to generate a free flow at all.
If the dynamics were chosen differently, larger systems might be able to first undergo
segregation and then fuse single clusters. Then, even the large systems generate a
percolating cluster that would induce the free flow regime.
The time it takes a chain to generate a percolating particle cluster is shown to be
key for its ability to show a free flow regime. It is, in rough approximation, linearly
depending on the system size. Being in the free flow regime, the current is maximal.
Then, the current typically decays exponentially with time. This implies that a chain
in free flow is very susceptible to be stopped by the emergence of a single oppositely
directed particle. The flow regime can, for that reason, be interpreted as a highly
metastable state. Since the typical current decay is only weakly dependent on the
system size, the entrance time is the crucial factor that hinders long chains from
exhibiting free flow. Short chains typically order faster and are able to enter and
linger in the flow phase.
Lastly, the findings for the slope model behaviour are put in the context of the full
semi-flexible model. The free flow of the slope model is characterised for favourable
asymmetry, hopping-to-switching ratio and small system size by a super-diffusive to
deterministic motion on all length scales. That shows especially in the mean square
measurements, see figures 8.4 A-C. The mean square displacement studies of the full
model, confer figures 7.5 A and B, reveal that super-diffusive motion only occurs
for average to high bending rigidities and only on short time scales - relatively
independent of the system size.
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8.7. Chapter conclusion
The ability to perform a free flow is linked to the number of active particles on the
chain and rather not to the chain length itself. Regarding the full semi-flexible model,
the number of particles attached to the filament is not fixed, but adjusts dynamically
as a function of different parameters. This could be the reason why the system size
does not have a strong influence on the filament’s vertical motion. Supposing a given
filament length, a small number of bound active particles can be achieved in different
ways:
First, an extremely low bending rigidity can be chosen. Then, the particles drasti-
cally deform the filament in such a way that only few interaction sites with the back-
ground network remain accessible. Consequently, the number of bound particles is
low. Few particles on the chain mean that they have a large mutual distance and, as a
low bending rigidity hardly propagates forces along the filament, the particle interac-
tion is low. Caused by the weak coupling, the particles induce chaotic deformations
rather than filament motion.
Second, the number of bound particles depends on their rates of attachment
and detachment to background binding sites. In particular, the detachment rate is
strongly influenced by the filament’s restoring force and the motor’s maximal load
force. These forces need to be seen in relation to the filament’s bending rigidity.
For a super-diffusive motion, the mean square displacement measurements of semi-
flexible filaments with different bending rigidities suggest choosing a moderate rigid-
ity. The restoring filament force induced by one particle is then propagated along the
filament and influences the dynamics of the surrounding particles. When particles
with equal orientation are bound next to each other by chance, they cooperate and
share the load of the deformation they induce. That cooperation naturally happens
on a short time scale, specifically the time the particles spend on the filament before
particle detachment dilutes the cluster.
By choosing a relatively low attachment rate and a moderate filament rigidity,
it can be tested if the full model’s dynamics can be modified in a way that makes
super-diffusive vertical motion possible on longer scales. In that case fewer particles
would be bound to the background network and it would be more likely that an
asymmetric particle population occurs and generates a more persistent motion. That
hypothesis is not supported by simulations of the semi-flexible model.
The slope model was not constructed to be a simplification of the full semi-flexible
model, so predictions are not expected to be transferable. The slope model is rather
a toy model to study states of high order and mobility of a driven, one-dimensional
chain. For that purpose the model has contributed a better understanding and re-
vealed unexpected dynamics in comparison to other well known models of statistical
physics. Since it can be easily extended to, for example, long-range particle interac-





The main subject of this thesis was the investigation of fluctuations of biopolymers
driven by active processes. For that purpose, two stochastic models were proposed:
the full semi-flexible model and, derived from that, the slope model. The full model
is constructed to explicitly mimic the collective behaviour of a microtubule and
microtubule-associated motor proteins. It takes into account the microtubule’s
semi-flexible nature, its restoring forces when deformed, and the stochastic motor
activity with load-dependent dynamics. The full semi-flexible model was inves-
tigated regarding the motor-induced deformational characteristics as well as the
resulting displacement of the microtubule’s centre of mass. Inspired by findings in
the analysis of the microtubule displacement, the slope model was developed. That
model consists of an actively driven chain of coupled stiff slopes. The dynamics of
the slope model were studied with special interest in the displacement dynamics and
the corresponding steady state solutions.
The investigation of biopolymer fluctuations in this thesis was motivated by an
experimental finding of MacKintosh, Weitz et. al. [7,13]. While investigating the bend-
ing dynamics of microtubules in vivo, unexpected characteristics were observed.
Even though many active processes take place inside a living cell, microtubule
deformations show equilibrium fluctuations. In addition, the persistence length of
these filaments was measured to be about one hundred times smaller than expected
from thermal fluctuations. The starting question of this thesis was:
Can active processes, such as the activity of motor proteins, give rise to such equilibrium
fluctuations and a low persistence length?
The answer is, yes. Investigations of the full semi-flexible model showed that the per-
sistence length is reduced and that equilibrium fluctuations can arise. In the model,
active particles couple the microtubule to a background matrix and induce deforma-
tions vertical to the main axis of the filament. Satisfying the particles’ constraints, the
optimal filament shape is calculated explicitly. From configuration snapshots taken
during stochastic simulations of the model, the bending spectrum was calculated via
a cosine decomposition of the filament’s tangent angles. Furthermore, the persistence
length was estimated by the correlation decay of the tangent angles. After careful val-
idation of the model and analysis routines, motor-driven fluctuations were studied.
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Chapter 9. Conclusion and Outlook
Having used realistic characteristics of microtubule-associated motor proteins and
realistic mechanical properties of the microtubule, the model has shown that motor-
induced deformations give rise to a persistence length that is in very good agreement
with the experimental results. Adding to that, a detailed study was performed on the
factors that influence the persistence length, such as the filament’s bending rigidity,
the characteristics of the background matrix, as well as different motor force charac-
teristics. Regarding the bending spectra of active deformations, deviations from the
experimentally found equilibrium spectrum were observed for most parameters. If
tendencies towards such a spectrum are seen, they always occur for small wave num-
bers which correspond to long-scale deformations. However, the bending spectrum
can be tuned to show equilibrium characteristics.
With specific choices of the system parameters, the full semi-flexible model gener-
ates a bending spectrum that is similar to the one extracted from in vivo microtubule
fluctuations for small wave numbers. There, the bending amplitudes and the re-
sulting persistence length agree very well with experiments. However, the spectra
differ significantly for intermediate to large wave numbers. The experimental spec-
trum shows equilibrium characteristics down to length scales of about a third of a
micrometre wheres the model detects those deformations only down to about two
microns. Beyond those length scales, the bending amplitudes predicted by the model
are significantly lower than expected for equilibrium fluctuations. Bending ampli-
tudes of very large wave numbers, that means short wave length deformations, are
hardly, if at all, accessible with experimental techniques.
The experimental data stems from fluorescence microscopy images, which were
post-processed and analysed with automated structure recognition algorithms.
That algorithm extracted the filament shapes, which have been used to study the
bending spectrum. When working on short scales - microtubules have a diameter of
about 25nm - resolution and the signal-to-noise ratio are often the limiting factors
to imaging procedures. Furthermore, potential photobleaching of the fluorescence
markers reduces the quality of live cell images. When a tracking algorithm is run on
such images, artefacts cannot be excluded, especially when short wave length defor-
mations are analysed. This is a possible explanation for the discrepancy between the
experimental and the bending spectrum of the full semi-flexible model in the regime
of large wave lengths. With the rapid evolution of microscopy techniques, better
resolution and even three-dimensional imaging techniques, future studies of these
fluctuations are even more interesting.
Aside from deformations, the motor particles induce a vertical displacement of
the filament in the full semi-flexible model. Since motor forces are propagated along
the filament due to its semi-flexible nature, correlations in the motor motion are
hypothesised. These would show in the global filament motion, so a natural question
was:
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Does the interplay of load-dependent motor dynamics and a force propagating semi-flexible
filament result in a correlated filament motion?
The answer depends on the time scale. On short time scales, particle interactions
generate super-diffusive and positively correlated motion when the filament’s bend-
ing rigidity is chosen in the semi-flexible regime. The long-time behaviour, however,
is shown to go over to uncorrelated, diffusive motion. These findings were observed
to be independent of the system size.
To gain a better understanding of vertical filament drift, the filament’s velocity
distributions and increments were studied. On very short time scales, the influ-
ence of single particle action is visible and leads to mulitmodal velocity histograms.
However, when observed on longer time scales, the velocity histograms transform
to Gaussians. Similarly, the increments are non-Gaussian until time scales of about
one hundred times the typical particle hopping time are considered. The higher the
filament’s bending rigidity and the longer the filament, the faster the influence of a
single particle fades away in the global particle activity.
The bending rigidity has already been identified to be the crucial parameter of par-
ticle coupling from the persistence length investigations. The higher the bending
rigidity, the better forces are propagated along the filament and influence particle dy-
namics at distant sites. Addressing effects of that particle correlation on the global
motion, the mean-square displacement as well as the motion’s standard deviation
were studied. The first gives information about the degree of diffusivity in the mo-
tion, the second about possible long time scale correlations. Both measurements lead
to a consistent picture: On time scales shorter than about one hundred times the par-
ticle hopping time, the filament motion depends on the filament bending rigidity. On
longer time scales, the motion is diffusive and uncorrelated for all sets of parameters.
If the bending rigidity is chosen in the semi-flexible regime, the particles are signif-
icantly coupled. Such finite motor interactions give rise to super-diffusion and clear
positive correlations. If the bending energy is too small, particles are hardly cou-
pled. Consequently, their motion is independent of neighbouring motor activity and
the resulting global filament displacement is diffusive on short time scales. Similar
behaviour was observed for the very stiff filaments. In that case, however, the par-
ticles are so tightly coupled that their force is insufficient to induce deformations to
the filament which resembles a rigid beam. As a consequence, motors perform few
steps and repetitively detach and reattach. Such uncoordinated motion also results
in diffusive motion on short time scales.
On long time scales, in contrast, the bending rigidity has no influence on the global
filament motion. It was hypothesised that this is caused by the finite attachment
times of the motor particles. In the absence of load, molecular motors are known
to have a finite path length when walking on a filament. Then, they stochastically
detach, and after some time the whole system population is replaced by new motors.
That naturally limits possible particle cooperation to short time scales. To support
that hypothesis, a more detailed study needs to be performed in the future.
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Since collective particle activity drives the vertical chain displacement, it was
speculated that the motion might not be a common random walk. Thus, studies
were carried out to classify that motion. Namely, the global motion’s increments, its
mean square displacement and its standard deviation were analysed. These lead to
the conclusion that the motion is not scale-invariant due to long-range correlations
in space and time. Consequently, in contrast to the initial hypothesis, the motion
cannot be characterised as a fractional Brownian motion. It is super-diffusive and
positive correlated and only crosses over to a Brownian motion on very long time
scales.
For future investigations on the topic of the dynamics of this full semi-flexible
model, it remains a challenge to figure out how model parameters other than the
bending rigidity and the system size influence the typical time scales of global
filament motion. Until then, the central question is:
Can an even simpler model for an actively driven chain generate persistent drift even on long
time scales?
A reduced model was proposed to investigate the ingredients needed for persis-
tent motion on longer time scales - the slope model. In contrast to the full semi-flexible
model, this model consists of a chain of stiff slopes and permanently bound particles
which can take two orientations. The dynamics of a single particle is not longer given
by biologically motivated force-velocity relations but by the configuration of the next
neighbouring slopes and particles. These, however, were chosen to abstract the col-
lective particle dynamics observed in the full semi-flexible model. For example, in
the full semi-flexible model, it is favourable if a deformation is carried by several mo-
tors of same orientation. This was translated via particle-state-switching dynamics
that favour switching into locally ordered state configurations. The key parameters
in this model are the system size, the particle-state-asymmetry factor and the ratio of
hopping-to-switching rate.
The slope model was studied by means of stochastic simulations as well as local
field approximations of its steady state. Computer simulations revealed an interest-
ing change in dynamics from purely diffusive chain motion to extremely persistent,
nearly deterministic motion on long time scales. That persistent motion is generated
by a completely asymmetric particle population on the chain where, for example,
only upwards hopping particles are present. To induce such a configuration, a high
asymmetry parameter and a strong time scale separation of particle hopping and
switching are necessary. Interestingly, states of high mobility vanish for increasing
system sizes. This is in contrast to phase ordering transitions in thermal equilibrium.
The local field study does not predict configurations where only a single particle
species populates the chain. This is because the approximation underestimates
correlations along the chain. However, a complex ordering phenomenon was
found and likewise identified in computer simulations for long chains. For small
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asymmetries and low time scale separation between the hopping and switching
processes, both particle states are equally present and are randomly distributed
along the chain. In the other extreme of dynamical parameters, both particle states
are still equally present but segregate to large clusters. In fact, the persistent motion
of short chains observed in the simulations is produced by a stable percolating
cluster on certain time scales. For that reason, the cluster size distribution has been
investigated as a function of the system size. The length scales of clusters is found
to be weakly depending on the system size. In addition, the time necessary to
produce a percolating cluster on a chain increases faster than linearly as a function
of the system size. Altogether, it is less and less likely to find percolating clusters
for large systems and finite simulation times. That is in part also due to the model’s
construction. When both species are present and form large-scale clusters, the
chain develops large-scale deformations and flank structures. On these flanks,
the particle dynamics chosen for the model hinder state switching. In terms of
clusters, this means that cluster boundaries cannot diffuse. Consequently two small
clusters do not join easily. For a future study, it could be interesting to investigate
how the global chain dynamics changes if the single particle dynamics make
diffusion of cluster domain walls possible. Furthermore, long range interactions
can be added to the model. Since investigations in the one-dimensional Ising
model have shown that such interactions can induce long range order for non-zero
temperatures [169], it is promising to use algebraically decaying interactions for the
slope model as well. These might make longer chains show persistent motion as well.
In essence, the investigations presented in this thesis serve as a first attempt to pro-
vide a realistic model for the fluctuations of biopolymers driven by active processes.
Such fluctuations were observed in living cells, but are to date not completely un-
derstood. The full semi-flexible model can be seen as a prototype that mimics the
dynamics of a cytoskeleton. Since computational power increases exponentially, one
can imagine a future toy cytoskeleton that is composed of a multitude of microtubules
growing out a centrosome and being entangled by steric and dynamic interactions.
The explicit modelling of a dynamic network of semi-flexible filaments together with





Polynomial description of the
microtubule shape
The following routine allows to estimate the microtubule shape, the local forces and
the bending energy of a microtubule pinned by active particles. The position of the
attachment points of the particles xi and the microtubule contour length are known a
priori, all other informations, especially the local slopes are calculated within this pro-
cedure. The microtubule contour u(x) is decomposed into segments u(x) =
∑
i ui(x).
Between the positions of two bound particles xi and xi+1, the microtubule shape is









A variation calculus shows that the equilibrium shape where the action of all external




and consequently it is convenient to choose a cubic polynomial to define the micro-
tubule shape
ui(x) = ai(x− xi)3 + bi(x− xi)2 + ci(x− xi) + di, (A.3)
where xi ≤ x ≤ xi+1. The coefficients ai, bi, ci and di are not known at the moment.
Let zmi be the vertical position of the microtubule on the site i of a bound particle
and vi the yet unknown local slope. The global microtubule shape is given by the
sequence of single segments respecting the boundary constraints given by the equa-












(3vi + ∆vi) , (A.5)
ci = vi, (A.6)
di = zmi . (A.7)
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Appendix A. Polynomial description of the microtubule shape
Here, ∆xi = xi+1 − xi is the distance of two consecutive occupied binding sites,
∆zmi = zmi+1 − zmi their difference of vertical positions and ∆vi = vi+1 − vi the
difference of slopes. For simplicity, periodic connecting conditions are admitted in
position and slope to avoid boundary terms. With these assumptions, the energy of
the microtubule can be written in matrix representation
H = ztBz − vtΛ + vtAv, (A.8)
where z is the vector of vertical site positions and v the vector of local slopes, which





The coupling matrix for slopes A˜ and for the local vertical positions B˜ are both cyclic-









if i = j,
2k













if i = j,
− 6k
(xmax(i,j)−xmin(i,j))3 if i = j ± 1,
0 else.
(A.11)




ik Λk, a simple form for microtubule’s total bending
energy is
H = ztB˜z − 1
4
ΛtA˜−1Λ, (A.12)
























With this routine, the microtubule shape and the local forces are calculated. That
information is used in the stochastic simulation of the full semi-flexible model pre-
sented in Chapter 5.
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